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ABSTRACT

Graph-based approaches to approximate nearest neighbor search
(ANNS) enable fast, high-recall retrieval on billion-scale vector
datasets. Among them, the Sparse Neighborhood Graph (SNG) is
widely used due to its strong search performance. However, the lack
of theoretical understanding of SNG leads to expensive tuning of
the truncation parameter that controls graph sparsification. In this
work, we present OPT-SNG, a principled framework for analyzing
and optimizing SNG construction. We introduce a martingale-based
model of the pruning process that characterizes the stochastic evo-
lution of candidate sets during graph construction. Using this frame-
work, we prove that SNG has a maximum out-degree of O(n?/3*¢),
where € > 0 is an arbitrarily small constant, and an expected search
path length of O(log n). Building on these insights, we derive a
closed-form rule for selecting the optimal truncation parameter R,
thereby eliminating the need for costly parameter sweeping. Exten-
sive experiments on real-world datasets demonstrate that OPT-SNG
achieves an average 5.9X speedup in index construction time, with
peak improvements reaching 15.4X, while consistently maintaining
or improving search performance.
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1 INTRODUCTION

Nearest Neighbor Search (NNS) is a fundamental problem in com-
puter science [18, 27, 41, 42, 44, 45] and has become a fundamen-
tal research topic across various fields such as information re-
trieval [43, 49, 50], data mining [14, 54, 56], and large language
models [3, 34, 66]. Formally, given a dataset P = {p1,...,pn} C R4
of cardinality n and query point g € R?, the NNS problem requires
finding the k closest points to ¢ under an appropriate distance
metric || - ||. The computational complexity of exact NNS grows pro-
hibitively with both dimensionality d due to the well-documented
curse of dimensionality [8, 13, 26, 28, 60] and the expanding dataset
size n. This fundamental limitation has motivated the develop-
ment of Approximate Nearest Neighbor Search (ANNS) algorithms,
which achieve significant efficiency improvements while sacrificing
minimal accuracy.

Modern ANNS approaches achieve remarkable search perfor-
mance and fall into four categories: tree-based approaches [6, 55],
hashing-based approaches [9, 15, 33, 61], vector quantization-based
approaches [19, 22], and graph-based approaches [4, 20, 58, 70].
Among these methods, graph-based approaches have demonstrated
particular success in practical applications [10, 70], as they effec-
tively capture and exploit local neighborhood structures to enable
navigation in high-dimensional spaces. A crucial observation is that
despite the diversity of graph construction strategies—which vary
in neighbor selection and edge formation rules—most state-of-the-
art graph-based ANNS systems share a unified query processing
paradigm. The graph-based ANNS framework operates through
two complementary phases: (1) an index construction phase that
builds a proximity graph preserving neighborhood relationships
through various graph refinement strategies, and (2) a query pro-
cessing phase that employs the GreedySearch algorithm [21, 39, 53]
to iteratively traverse the graph along decreasing-distance paths
until convergence.

Sparse Neighborhood Graph (SNG) is a widely used variant de-
signed to further reduce graph density while preserving practical
search quality [2]. It has been widely adopted in several state-of-the-
art systems, including DiskANN [53], HNSW [39] and NSG [21].
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The worst-case search analysis of SNG by Indyk et al. [29] pro-
vides a framework based on aspect ratios'. Complementary to this,
a developing and expected cardinality-based framework is both
meaningful and necessary for understanding SNG behavior under
random or empirical data distributions.

The construction process of SNG typically involves two main
phases: (1) Initial graph generation through a random or approx-
imate k-NN graph, and (2) Graph refinement through iterative
pruning[64]. The pruning phase is the computational bottleneck,
with O(n) worst-case complexity per node, as it requires scanning
all candidate neighbors and evaluating geometric conditions that
ensure the graph supports fast convergence of the GreedySearch
algorithm. To reduce index construction time, a common practice in
SNG construction is to impose a maximum node degree via a trun-
cation parameter R. However, existing methods typically determine
R through parameter sweeping (or a parameter study) [53], com-
monly implemented as a binary search guided by the downstream
search performance of the constructed graph. This tuning process is
computationally expensive, as each iteration requires constructing
and evaluating a full index. These limitations highlight the need for
a theoretically grounded approach to selecting R—one that ensures
high search performance while reducing tuning overhead.

To address both the theoretical and practical challenges in SNG-
based approximate nearest neighbor search, we propose OPT-SNG,
a martingale-based probabilistic framework for analyzing and opti-
mizing SNG construction. In this framework, we characterize the
SNG construction process as a discrete stochastic process driven
by successive pruning operations. By exploiting the martingale
structure naturally arising from the evolution of candidate sets,
we establish that the expected trajectory can be characterized by
an associated ordinary differential equation (ODE). Furthermore,
we prove that the out-degree of each node corresponds precisely
to the stopping time of this stochastic process. Within this frame-
work, we derive bounds on two fundamental structural properties
of SNGs—the maximum out-degree and the expected search path
length. Building upon these theoretical results, we further quantify
index construction complexity, which serves as a principled foun-
dation for optimizing the truncation parameter R in SNG-based
ANNS systems.

We conclude our contributions as follows.

We introduce OPT-SNG, the first martingale-based probabilistic
model of SNG pruning dynamics. By formulating the pruning
process as a submartingale with respect to a natural filtration,
we transform graph refinement into an analyzable probabilistic
system. This enables the application of concentration inequalities
and differential equation methods to study graph evolution.
We establish a degree bound of O(n?/3*€) for any small constant
€ > 0, substantially improving over the previous coarse O(n)
bound from [53]. This result highlights the inherent sparsity of
SNGs and demonstrates that graph structure can be controlled
through proper pruning dynamics analysis.

We prove that GreedySearch on SNGs converges in O(log n) ex-
pected steps. This analytical guarantee validates the intuition

!The aspect ratio is the ratio of the maximum to minimum distance between any pair
of points in the dataset.
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behind SNG’s empirical efficiency and provides theoretical justi-
fication.

Using the above theoretical foundations, we analyze the asymp-
totic complexity of the truncated SNG construction process and
derive a closed-form expression for the optimal truncation pa-
rameter R. This yields a principled and automated parameter
selection method, avoiding costly parameter sweeping over R.
Empirically, our method achieves comparable or superior search
performance while reducing index construction time by an aver-
age of 5.9% across datasets, with peak speedups reaching 15.4X.

All detailed proofs of lemmas and theorems are provided in the full
version [38] of this work on our GitHub repository.

The remainder of this paper is organized as follows. Section 2
reviews the necessary background on SNG-based ANNS, formally
defines the problem setting, and introduces the key algorithms
considered in this study. In Section 3, we present our probabilistic
modeling framework that captures the stochastic dynamics of the
pruning process. Sections 4 and 5 derive the main theoretical bounds
on graph degree and search path length, respectively. Section 6
describes our optimized construction algorithm and the principled
method for truncation parameter selection. Experimental results
validating our theoretical predictions and demonstrating practical
speedups are reported in Section 7. We survey the related works and
position our contributions within the broader literature in Section 8,
and Section 9 concludes with a summary and directions for future
research.

2 k—ANN PROBLEM AND SPARSE
NEIGHBORHOOD GRAPHS

In this section, we formalize the approximate nearest search prob-
lem formulation, review existing SNG-based ANNS construction,
and summarize the key algorithmic components relevant to our
theoretical analysis. Given a dataset P = {p;,...,pn} € R% of n
points in d-dimensional Euclidean space with distance metric || - ||,
we consider a query point g € R%. See Table 1 for a summary of
key notations used throughout.

2.1 Problem Formulation

We formally define the k-approximate nearest neighbor search
problem as follows.

Definition 1 (k-Approximate Nearest Neighbor Search). Given a
dataset P ¢ R?, a query point ¢ € R?, and an integer k > 1, the
k-approximate nearest neighbor search (K-ANNS) problem aims to
return a set A C P of k data points that are closest to g, subject to a
desired trade-off between recall and query latency.

Graph-based ANNS methods address this problem by modeling
the dataset P as the vertex set of a graph and constructing edges
between data points to facilitate efficient search. Typically, the
construction process begins with an initial graph, such as a random
graph or a k-nearest neighbor graph, and then refines this structure
through iterative edge pruning. Formally, these methods construct
a graph G = (P, E), where each vertex corresponds to a data point,
and the edge set E is designed to preserve neighborhood proximity,
enabling fast approximate nearest neighbor search via local graph
traversal.



Algorithm 1: GreedySearch(G, g, s, k, L)

Algorithm 2: SNG-Prune(p, S, 2, R)

: graph G = (P, E), query point g, entry point s, k for top-k,
search width L
Output : top-k approximate nearest neighbors of g
1 Visited « {s};
2 Queue « priority queue initialized with s;
3 while |Visited| < L and Queue # @ do
4 p « extract-min(Queue);

Input

/* closest unexpanded point */
for each p’ € Nyt (p) do
if p’ ¢ Visited then

L Visited « Visited U {p’};

insert p’ into Queue;
9 return the k points in Visited closest to q

® N o w

2.2 GreedySearch Algorithm

Despite differences in index construction, many graph-based ANNS
methods share a common query-processing phase: a greedy best-
first traversal known as GreedySearch. Representative examples in-
clude KGraph [17], DiskANN [53], NSG [21], HNSW [39], DPG [35],
and SPTAG [12]. The procedure is described in Algorithm 1.

Starting from an entry point s, the algorithm maintains (1) a
visited set and (2) a priority queue of candidate nodes ordered by
distance to the query g. At each iteration, the closest unexpanded
vertex f is extracted from the priority queue. Its outgoing neighbors
are then explored and added to the priority queue if they have
not been visited, and simultaneously, p is added to the visited set.
The process continues until either the search width reaches the
predefined budget L or the priority queue becomes empty. The
parameter L controls the search width and governs the recall and
latency trade-off: larger values of L explore more candidate nodes,
improving recall at the cost of increased search time.

Maintaining and accelerating the convergence of GreedySearch
is a central objective in graph construction. In particular, ensuring
graph connectivity while preserving monotonic search paths is
both subtle and essential for guaranteeing fast convergence and
high recall. The Sparse Neighborhood Graph (SNG) [2] has been
shown to effectively achieve these objectives by iteratively selecting
nearest neighbors and pruning redundant candidates [16, 29].

2.3 Sparse Neighborhood Graph Construction

A core operation in SNG construction is the pruning procedure,
which selectively retains informative neighbors while aggressively
eliminating redundant connections. This procedure is a fundamen-
tal building block in several state-of-the-art graph-based ANNS
systems, including DiskANN [53], NSG [21], and HNSW [39].
The algorithm proceeds iteratively: in each iteration, it selects
the nearest point p* from the candidate set S, adds p* to the neigh-
bor set Nout(p), and then prunes candidates from S. Specifically,
a candidate p’ is removed if it satisfies the blocking condition
lp =2l = - |lp* — p’|l. This condition captures the intuition
that p’ is blocked by the recently selected neighbor p*—that is,
accessing p’ through the intermediate neighbor p* is at least as effi-
cient as a direct connection. Consequently, the direct edge p — p’
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Input: point p, candidate set S, pruning parameter o > 1, degree
bound R

Output: pruned neighbor set Noyt (p) with [Nowt (p)| < R

Nout (P) — 0;

2 Sort S in ascending order of ||p — -||;
3 while S # 0 do

4 p*— argming/es llp—p'll;

5 Nout(p) — Nout(p) U {P*},

6 Remove p* from S;

7 if |[Nout (p)| = R then

8 L break;

9 for each p’ € S do

10 if lp-p'll 2 a-llp* - p'll then
11 L Remove p’ from S;

12 return Ny (p);

is redundant and can be safely removed without compromising
graph navigability.

Two parameters control the pruning behavior:

Pruning Aggressiveness Parameter o: In the non-relaxed setting
(a = 1), the blocking condition is symmetric and purely geomet-
ric. However, to avoid pathological configurations (e.g., collinear
points), the Vamana algorithm [53] introduces @ > 1, which relaxes
the blocking condition and ensures bounded graph diameter. In
practice, « is typically fixed in the range 1 < a < 2 [30] and does
not require extensive tuning, as the SNG structure remains robust
across this range.

Degree Truncation Parameter R: To control graph density and
construction cost, a maximum degree limit R is imposed. The al-
gorithm terminates after exactly R neighbors have been selected,
bounding the out-degree of each node. This truncation ensures that
construction remains tractable while allowing a trade-off between
graph quality and computational efficiency.

A crucial property of SNG-based construction is that it preserves
monotonic searchability [21]. Specifically, for any point p, there ex-
ists at least one monotonic path consisting of edges that lead to pro-
gressively closer points, eventually reaching the nearest neighbor of
p- This property is essential for the effectiveness of GreedySearch, as
it guarantees that each expansion step can make consistent progress
toward the target.

Despite its empirical success across multiple state-of-the-art sys-
tems (DiskANN, NSG, HNSW), the theoretical understanding of
SNG construction remains incomplete. The introduction of relax-
ation parameter o substantially complicates the analysis: the block-
ing condition becomes asymmetric, and the geometric properties be-
come more intricate. While Indyk et al. [29] provide worst-case anal-
ysis based on aspect ratios and Prokhorenkova and Shekhovtsov
[16] establish bounds under specific distributional assumptions, a
comprehensive expected-case, cardinality-based framework char-
acterizing SNG behavior has been lacking.

In particular, the truncation parameter R remains a critical tun-
ing knob. Existing practice relies on expensive parameter sweeping:
practitioners repeatedly construct indices with different R values,
evaluate their search performance through binary or grid search,
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Figure 1: Illustration of the SNG process for a single point.

and select the value that optimizes the recall-latency trade-off.
This iterative process is computationally prohibitive for large-scale
datasets and obscures the fundamental principles governing the
relationship between R, graph structure, and search efficiency.

Our OPT-SNG framework addresses these gaps by providing
a principled, theoretically grounded approach to analyzing SNG
dynamics and optimizing the truncation parameter R.

3 OPT-SNG PROBABILISTIC FRAMEWORK
SETUP

Stochastic Modeling of the Pruning Process. To analyze the
construction of SNG from a dynamic perspective, we establish the
following probabilistic framework that models the evolution of the
pruning process. Consider a fixed point p € P being processed. Let
t €{0,1,2,...} denote the iteration index, where each iteration is
associated with two dynamically evolving sets.

Definition 2 (Candidate Set and Processed Set). At iteration ¢,
the candidate set is denoted by S;. It is initialized as Sy = P \ {p},
meaning that, initially, the point p is allowed to connect to all other
points in the dataset. At each iteration, S; consists of the points that
have not yet been pruned and have not been selected as neighbors.
The corresponding processed set is defined as S; = P \ (S; U {p}),
which contains all points that have either been pruned or already
selected as nearest neighbors in previous iterations.

In the non-truncated setting, the pruning process terminates
when S; = 0, or equivalently when S; = P\ {p}. Figure 1 provides a
schematic illustration of this construction process. Initially (¢ = 0),
all other points belong to the candidate set Sy. At iteration ¢ = 1,
the nearest neighbor p7 is selected, and a subset of points AS; is
pruned and moved into the processed set S]. This process repeats
at subsequent iterations: at iteration ¢, a new nearest neighbor pj is
selected from S;_;, additional points are pruned, and the candidate
set shrinks accordingly.

Due to the randomness of point distributions in high-dimensional
space, the number of pruned points at each iteration is itself ran-
dom, which induces randomness in the resulting graph structure.
Consequently, the pruning procedure can be naturally viewed as a
stochastic process. The correspondence between iteration indices
and the evolution of S; and S; allows us to formalize the construc-
tion using tools from probability theory.

Probability Space for SNG construction. We introduce a
probability space (Q, 7,P), where Q denotes the sample space
containing all possible sequences of nearest neighbor selections
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Table 1: Summary of Notation

Symbol Description
P Dataset of n points in R?
S; Candidate set at iteration ¢

S; Processed set at iteration t: S; = P\ (S; U {p})

pr Nearest neighbor of p in S; at iteration ¢
Fi Natural filtration up to iteration ¢
AS; Number of points pruned in iteration #
Y Pruning probability at iteration ¢
R Truncation parameter (maximum degree limit)
M Number of processed points at a given level
a Relaxation parameter
t Iteration index (time step)

and pruning outcomes during the overall SNG construction. The
o-algebra ¥ captures all measurable events on Q , and P is the asso-
ciated probability measure. We further define the natural filtration
{Ft}+>1, representing the information available up to iteration ¢.
Specifically,

Fi =0 ((p1. S, (95, 52). - .. (P[> S))

where p; = arg minges, ||p — s| is the nearest neighbor selected at
iteration i. The candidate set is updated according to the pruning
rule S =St \({p" € St 2 llp = p'll 2 - llp" = p'lI} U {p;ii})
which removes both the selected nearest neighbor and all candidates
blocked by it. This formulation captures the pruning process as a
sequence of progressively revealed decisions.

Martingale Perspective. We now formalize the dynamic trend
of the construction process. Intuitively, at each iteration, the pro-
cessed set strictly grows while the candidate set shrinks. This mono-
tonic behavior can be rigorously characterized using martingale
theory.

Definition 3 (Martingale). A stochastic process {X;}:>¢ is a mar-
tingale with respect to a filtration {7} if

E[|X:|]] <o and E[Xi|F] =X
for all t >

> 0. It is a supermartingale if E[X;1|F:] < X;, and a
submartingale if E[ X;41|F;] = X;.

In the context of SNG construction, the size of the candidate set
|S¢| forms a supermartingale, while the size of the processed set |S;|
forms a submartingale with respect to the natural filtration {7;}.
This reflects the fact that, in expectation, candidates are eliminated
while processed points accumulate over time. We focus on |S;|
rather than |S;| because, as complementary sets, |S;|’s monotonic
growth is suited to our analytical framework.

From the SNG pruning rule and the probability framework, we
summarize the following properties of processed sets S, which will
facilitate the analysis of the construction process. These properties
follow directly from our previous results and do not require separate
proof.

Lemma 1 (Dynamic Property of S;). Given a dataset P C R? consist-
ing of n points, the SNG construction of p € P satisfies the properties
as follows:



Monotonicity: The processed sets form a nested sequence ) = S§ C
§1C S, -+ C S}, with a submartingale |S;|.

Termination: The final processed set includes n — 1 points, exclud-
ing only the current point p.

Degree property: Out-degree of p equals the number of iterations,
as each iteration adds exactly one directed edge from p to its nearest
neighbor in the current candidate set.

Based on this framework, we introduce the following metric to
measure the progression of graph construction.

Definition 4 (M-t Level). The SNG construction is said to reach
the M-t level at iteration ¢ if ¢ is the smallest iteration that |S};| > M.
This represents the first passage time at which at least M points
have been processed.

The M-t metric serves as a tool to track the progress of graph
construction. For a fixed iteration count t, a larger value of M
indicates faster pruning and more rapid expansion of the processed
set. For a fixed M, a smaller value of t implies that the algorithm
has processed M points more quickly.

4 DEGREE BOUNDS OF SNG

In this section, we establish upper bounds on the degree of SNG. As
shown in Lemma 1, the out-degree of each point equals the number
of pruning iterations during construction, since exactly one edge is
added in each iteration. Consequently, bounding the degree reduces
to analyzing the dynamics of the pruning process and estimating
the total number of iterations required for graph construction.

A preview of the main result. Before delving into the techni-
cal analysis, we state the central conclusion of this section: with
probability 1, the maximum out-degree of the constructed SNG is
O(n?/3*¢) for any small ¢ > 0 (Theorem 1, Section 4.5). The remain-
der of Section 4 formalizes the two-phase pruning dynamics needed
for this bound: Lemma 2 (pruning probability), Lemma 3 (2D base
case), Lemma 4 (sublinear progress in d dimensions), and finally
Theorem 1.

For completeness, all detailed proofs of lemmas and theorems
are provided in the full version of this paper on our GitHub reposi-
tory [37] and arxiv [38].

4.1 Two-Phase Behavior: Empirical Motivation

To motivate our theoretical analysis, we first present empirical
evidence revealing a distinctive two-phase behavior in SNG con-
struction. Figure 2 illustrates two representative cases from the
SIFT1M dataset: a fast case completing in only 31 iterations and a
slow case requiring over 1000 iterations. Despite this disparity in
total iterations, both cases exhibit a consistent structural pattern: an
initial phase of rapid candidate reduction, followed by a prolonged
plateau phase during which progress slows significantly.

This empirical observation strongly suggests that a phase-wise
analysis is both natural and necessary for deriving degree bounds.
In the remainder of this section, we formalize this intuition. Specifi-
cally, Lemma 4 establishes rapid progress in the initial phase, which
in turn enables a degree bound in Theorem 1.
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Figure 2: Evolution of processed and candidate sets during
SNG construction. (a) shows a fast pruning case terminating
in 31 iterations. (b) shows a slow pruning case requiring over
1,000 iterations.

4.2 Pruning Probability Analysis

We begin by analyzing the pruning probability at each iteration,
which governs the rate at which candidate points are eliminated.
This is a key ingredient for quantifying the speed of the initial fast
pruning phase.

Lemma 2 (Pruning Probability in SNG Construction). Given a
dataset P c R? consisting of n points independently and uniformly
distributed within a ball of radius py, centered at p, we consider the
SNG construction processed on the center point p with a = 1. The
probability m; that a point p’ is pruned in the t—th iteration is given
by

%, %) = (pe/po)? - Io.zs (% %)

2 (1= (pt/po)?)
where I (a,b) denotes the regularized incomplete Beta function, and

p¢ is the distance between the nearest neighbor and p in t—th iteration.
For large d, this probability satisfies
22

s (423

The complete proof, including the volume computation via the
regularized incomplete Beta function and the lower bound for gen-
eral d, is provided in Appendix B.1. in [38]

L (py /2002 (

Ty =

5

d+1 1

1
< < —-.
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4.3 Two-Dimensional Case

To build intuition, we first analyze a low-dimensional setting using
the M-t level. In particular, for the two-dimensional case, we show
that only four iterations suffice to prune over 80% of all candidate
points with high probability.

Lemma 3 (Two-Dimensional Case). Given a dataset P C R? with
n points independently and uniformly distributed within a ball of
radius po. Then, with probability 1 — o(1), the SNG construction
process reaches (0.8(n — 1))-4 level.

Proor. Recall that in the SNG construction of p € P, we iter-
atively prune a candidate set S;, starting with Sg = P \ {p} The
pruning event Ay = {|lp - p’ll = «llp; — p’ll} depends only on
the relative position of the single candidate p’ to the two reference
points (p, p;). Conditional on pj, the remaining candidates are



ii.d. samples and their relative positions to (p, p;) do not influence
one another. Hence the events {A, } are mutually independent
given p;, and AS; ~ Bin(|S;—1| — 1, ;) for given p;. Let AS; denote
the number of points pruned at iteration i. After ¢t iterations, the
processed set S; consists of all pruned points and the selected near-
est neighbors. Therefore, |S;| = ;ZI(ASi +1), t =2,3,..., with
[S7] = AS; + 1, since each iteration contributes exactly one selected
nearest neighbor in addition to the pruned points.

From Lemma 2, we know that for d = 2, the pruning probability
at each iteration satisfies 77; > 1/3. To estimate the pruning progress,
we conservatively assume a uniform lower bound 7yin = 1/3 across
all iterations.

The expected number of pruned points at iteration i is E[AS;] =
7;(|Si—1| — 1), and the variance is Var(AS;) = m; (1 — ;) (|Si—1| — 1).
Since 7; (1 — ;) < 1/3, the normalized variance can be bounded as

Var( AS; ) _ (1= m)(ISial = 1) <
n-1 (n-1)2 3(n—-1)
Under the minimal pruning rate assumption, the expected fraction

of points pruned at each iteration is at least

3
T nin

®

4

4 8
27 :

81

2 4 _
Tmin = Tmin =

11
Tmin = 3>

2
5
Consequently, the cumulative expected fraction of processed points
after four iterations exceeds 0.8.
To ensure that this behavior holds with high probability, we con-
trol the deviation of AS; from its expectation by choosing constants

€; > 0 such that

E[AS] 1 E[AS,] 2
€ < -, < -2,
n-—1 3 n—1 9
o < BIAS] 4 E[AS] 8
T Tho1 2 YT a1 st

Applying Chebyshev’s inequality yields, for each iteration i,

Var(ﬁ)
o i (|Si-1] - 1) <els1- n-1 @
n—1 n—-1 €’
1
(3

21— —.
3(n —1)%€?
Assuming that all four deviations remain within their respective
bounds, the probability that the cumulative number of processed
points satisfies |S;| > 0.8(n — 1) is bounded below by
4

Pr(]8; > 0.8(n-1) > [ |

i=1

1

(l—m) 21—0(1) (4)

Therefore, with probability 1 — 0(1), the SNG construction reaches
the (0.8(n — 1))-4 level. O

4.4 High-Dimensional Settings

We now extend the analysis to general d-dimensional space. The
same phenomenon as in the 2D case manifests as sublinear-time
progress: a linear number of points is processed within sublinear
iterations. This behavior is formalized in the following lemma.

Lemma 4 (Sublinear Time Progress). Given a dataset P ¢ R? with
n points distributed uniformly, for all relaxation parameter o > 0:
(1) For any constants vy, vy € (0,1) with vi > vy, with probability
one, the SNG construction reaches the n"'-O(n'?) level.
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(2) For any constant v € (%, 1), with probability one, the SNG con-
struction reaches the (n — n*=")-O(n") level.

Proor. Part (1). Fix constants v; > v, and define the first-
passage time t; inf{t > 0 : |5;| > n"}. We prove that t;
O(n*) almost surely 2, i.e., there exists a constant C > 0 such that
Pr(#; < Cn') = 1. Equivalently, it suffices to show that for any
fixed C > 0,

Pr(|s[mj| <" i.o.) -0, )

where "i.0” (infinitely often) denotes the event

limsup{|S[CnV2J| < n"l} = m U {'S[Cn"zj| < n"‘}. (6)
n—oo

no=1 nzng
Lett = [Cn'2]. Since |S)| = 3t_, (AS; + 1), we obtain the determin-
istic lower bound |S;| > t - min;<;<;(AS; + 1), which implies

n"t —t

1<i<t t )

min AS; <

Pr(|S;| < n™) < Pr( (7)

Since vy > vy, for sufficiently large n we have n*! > 2¢, and hence
wo_
2 ! > L n"m, (8)
t 2C
Recall that AS; ~ Bin(|S;—1| — 1, m;) with E[AS;] = 7 (|Si=1] — 1).
Moreover, the sampling probability admits the uniform lower bound
mpo> %I()js(w l) . Applying the Chernoff bound [40], for any

8 €(0,1),
Pr(AS; < (1- 8)E[AS;])

IN

exp( - SE[AS]) )
exp( - %(|Si_1| — l) 10_75(%, %) )
(10)

For all i < t such that |S;_{| > n/2, we have E[AS;] > con for some
constant ¢y > 0. Choosing § € (0, 1) such that

IA

nVI*VZ)

(1-58)E[AS;] > % (11)

we obtain Pr(|S;| < n'') < exp(—cn) for some constant ¢ > 0 and
all sufficiently large n. Consequently,

Zpr(|S[Cn"ZJ| < n"l) < o0. (12)
n=1

By the Borel-Cantelli lemma (see Lemma 5 in Appendix A),
Pr(|s[mj| <n" i.o.) -0, (13)

which completes the proof of Part (i).
Part (2). Let v € (2/3,1) and define t, := inf{t > 0 : [S}| >
n —n'~'}. We show that t, = O(n") almost surely. Fix C > 0 and
sett = [Cn"]. As above,
_pl-v _ t
%) . (4

For sufficiently large n, we have t < n/2 and thus
n—n 1
—— 2 —=n
t 2C

min AS; <
1<i<t

Pr(|S; <n—n'"") < Pr(

1-v
-t 1-v

(15)

2Throughout this paper, "almost surely” (abbreviated a.s.) is used in its standard
measure-theoretic sense: the event holds with probability 1, i.e., the set of outcomes
on which it fails has probability measure zero.



Using the same Chernoff bound and the same uniform lower bound
on x;, we again obtain an exponentially small upper bound

Pr(|S;| < n—n'"") < exp(—c'n) (16)
for some constant ¢’ > 0. Therefore,
ZPr(lS[CuVH <n- nl_v) < oo. (17)
n=1
Applying the Borel-Cantelli lemma yields
Pr(|S[Can| <n-n"" i.o.) =0, (18)
and hence Pr(t, = 0(n")) = 1. O

4.5 Main Degree Bound

Lemma 4 establishes that the initial phase rapidly processes a large
fraction of points. However, prior empirical observations suggest
that this rapid progress does not persist throughout the entire
construction. The pruning process undergoes a significant slowdown
after the initial fast pruning phase, often reaching a plateau phase.

To analyze this plateau phase, we exploit a key fact: the sub-
martingale |S;|,., has bounded per-step variance along the prun-
ing trajectory. This enables us to apply the Differential Equation
Method (DEM) [32, 59, 62], a standard technique for approximating
bounded-variance stochastic processes by deterministic trajecto-
ries. DEM vyields an ordinary differential equation that captures
the expected evolution of |S;| in the plateau regime. Combining
the initial fast-pruning bound from Lemma 4 with the DEM-based
characterization of the plateau phase gives a unified view of the
pruning dynamics. We now sketch the proof of our main result,
Theorem 1. Detailed proofs of all lemmas and theorems are pro-
vided in the full version of this work on our GitHub repository [37]
and arxiv [38].

Theorem 1. Given a dataset P of n points in d-dimensional space,
with probability 1, the maximum out-degree in the constructed SNG
is bounded by O(n?/**€) for any small constant € > 0.

Proor skeTcH. The proof consists of two parts: (i) establish-
ing a uniform lower bound 7; > ¢, > 0 on the one-step pruning
probability, and (ii) applying the two-phase pruning analysis from
Sections 4.1-4.4, which combines Chernoff bounds, Borel-Cantelli,
and Wormald’s differential equation method (DEM). Since the sec-
ond part only uses the existence of such a positive lower bound, the
same argument applies once c, is verified under each distributional
setting.

Case 1: uniform distribution and « = 1. For a = 1, the blocking
condition ||p — x| > ||p; — x|| defines a spherical-cap region. By
Lemma 2, its normalized volume is bounded below by a positive
constant: 7y > ¢(d,1) > 0. Let ¥; := [S}|. Since |S;| =n—-1-Y,,
Yi+1 — Yr = 1+ AS;41, and hence, conditionally on 7, E[Y;41 — Y} |
Fi]l = 1+c¢(d1)(n—-1-Y;). For Z; := Y;/n, the normalized
drift is therefore governed, up to lower-order terms, by F(z) =
1+ ¢(d,1)(1 — z). The DEM conditions hold: boundedness follows
from Y41 — Y| < |S;] < n, the trend condition follows from the
above drift estimate, and F is Lipschitz since

|F(z1) = F(z2)| = c(d, 1)]z1 — 22].
Thus, Wormald’s DEM applies.

(19)
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By Lemma 4, for any v € (2/3, 1), the first phase reaches |S;| >
n — n'~" within t; = O(n") iterations with probability one. At that
point at most n!~" candidates remain. Applying the DEM-controlled
plateau analysis to the residual process gives O(n!~") additional
iterations. Therefore,

T =0(n") +0(n'™") =0(n"). (20)

Taking v = 2/3 + ¢ yields T = O(n?/**¢).

Case 2: uniform distribution and general « > 0. For general a,
the blocking condition becomes ||p —x|| > a||p; — x|, which defines
an Apollonius-type blocking region. Its normalized volume is still
bounded below by a positive constant c¢(d, ) > 0, so ; > ¢(d, @).
The proof above uses the geometry only through this drift lower
bound. Therefore the same argument applies with c¢(d, 1) replaced
by c(d, @), yielding T = O(n?/>+¢) for every fixed a > 0.

Case 3: bounded non-uniform density. Suppose the local can-
didate density f satisfies 0 < m < f <M < co. Conditional on p;,
the blocking region R;(p;) from Case 2 gives

s mVOlRp))
M VOI(Qtfl)

Thus non-uniformity only changes the constant in the drift lower
bound. The same Chernoff, Borel-Cantelli, and DEM argument
then gives T = O(n?/3+¢).

Since the out-degree is controlled by the number of pruning
iterations, the claimed degree bound follows. Detailed calculations
for the a-extension and the bounded-density case are provided in
Appendix B.3 in [38]. m]

m
—c(d,a) =: ¢, > 0.
Mc( Q) =:c

5 SEARCH BOUNDS

We now turn to the analysis of query processing on the constructed
SNG. Our goal is to show that, with high probability, GreedySearch
converges to an approximate nearest neighbor in O(log n) steps.

Theorem 2. Given a dataset P c R? with n points distributed
uniformly, with probability 1, the SNG search converges in O(log n)
steps.

SKETCH PROOF. Let {vg,01, ..., 0} denote a greedy search path
from the start node p = v, to the approximate nearest neighbor
of the query q. At each step, GreedySearch moves to the neighbor
closest to g, ensuring that ||o; — q|| > [[vir1 — q||-

To analyze the expected path length k, we analyze the distribu-
tion of neighbors around the destination v, they are uniformly
distributed in a d-dimensional ball of radius py. We partition this
ball into concentric annular layers and let 7; denote the number of
neighbors lying in the i-th layer. Each n; follows a binomial distri-
bution proportional to the shell volume, and the total number of
neighbors is bounded by n = O(n?/**€) from Theorem 1.

Using volume arguments, we upper bound the expected total
number of neighbors located within the ball of radius ||ox — vg|
by the expected number of dataset points that fall into the same
region. Specifically, we show

n(n + 1)(d—1)/dp(¢)i+1 . E ((PO _ Ar)/Po)d(k_l)

Ardtl . d

Elk-n] < . (21)



where Ar is the minimum distinguishable pairwise distance differ-
ence among all point triples. Applying Jensen’s inequality [40], we
define an auxiliary function g(x)
d(x-1)
(2ot ),

(22)

whose root bounds E[k]. We demonstrate g(k) < 0, note that g(x)
is monotonically increasing, and g(log n) > 0, which together imply
that k < logn, hence E[k] = O(log n). O

n(n + 1)(d-D/d pd+1

d - Ard+l

Po — Ar
Po

g(x):=n-x -

6 TRUNCATION PARAMETER OPTIMIZATION

In the preceding sections, we establish theoretical guarantees for
the SNG structure, including sublinear degree growth and logarith-
mic search complexity. We now leverage these insights to address
a practical issue in index construction: how to efficiently select
the truncation parameter R, which directly controls the trade-off
between construction cost and search performance.

6.1 Complexity Analysis

We summarize the full SNG construction pipeline as implemented
in practice, incorporating some widely used optimizations [21, 53].
The process begins by initializing a randomized R-regular graph.
For each data point p, a GreedySearch procedure is performed from
a fixed entry point (e.g., the dataset centroid) to collect an initial can-
didate set for pruning, with time complexity Tsearch = O(Rlogn).
Importantly, in practical implementations the initial candidate set is
not the entire dataset; instead, it consists only of the points returned
by GreedySearch. This design significantly reduces construction
cost compared to the theoretical baseline that assumes full con-
nectivity. In particular, the size of the initial candidate set satisfies
[So| = O(Rlogn) in expectation. The candidate set is then refined
through iterative SNG pruning, where the truncation parameter R
bounds the number of pruning iterations. Let |Sy| denote the initial
candidate set size; the pruning cost is Tyrune = O(R-|Sy]). To further
enhance graph connectivity and preserve monotonic searchability,
reverse edges are inserted after pruning. These insertions may tem-
porarily violate the degree constraint, triggering additional pruning
steps. The amortized cost of reverse-edge handling can be modeled
as Treverse = O(a - R®), where « is the pruning parameter controlling
sparsification aggressiveness.

The computational cost of each stage—GreedySearch, SNG prun-
ing, and reverse-edge handling—can be analyzed independently.
Aggregating these components yields the overall construction com-
plexity, as expressed below.

n(C1 -Rlogn+b+C; - (R? logn/a) + by + Cs - (aR®) + b3),

where C; and b; are implementation-dependent constants.

This expression highlights the competing effects of R and a:
increasing R improves graph quality but amplifies both pruning
and reverse-edge costs.

6.2 Optimization Principle

As discussed in Section 2.3, « is typically fixed in the range 1 <
a < 2, whereas the truncation parameter R controls the trade-off
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Algorithm 3: Optimization of Truncation Parameter R of SNG

Input: test pruning parameter «;, target pruning parameter oy,
number of data points n

Output: optimized truncation parameter R*

R «— n?/3; // theoretical upper bound

)

Build graph index using SNG-Prune (a1, R);

w

Compute the average out-degree R of the constructed graph;
a? R

logn’

- K’ -logn

2 5
2

K «

R*
a.

return R*

=Y

between construction cost and search robustness: larger R usually
improves recall but increases the cost.

We determine R for a target a using a marginal optimality prin-
ciple. From Section 6.1, the construction cost can be summarized
as n(CiRlogn + C;R*logn/a + C3aR® + O(1)), where the three
terms correspond to initial candidate collection, SNG pruning, and
reverse-edge handling, respectively. Treating R as a function of a,
the dominant stationary condition is

—CzRZ IOg n/(xz + C3R3 =0,

which gives R* « log n/a?. Thus, the optimal truncation parameter
grows logarithmically with n and decreases quadratically with «;
the hidden constant absorbs the dimension, implementation con-
stants, and lower-order terms. Algorithm 3 calibrates this constant
by a single reference build at R = n*? under a;, measures the aver-
age out-degree R, sets K’ = a?R/log n, and returns R* = K’ log n/a?
for the target ;. This avoids costly parameter sweeping while using
the theoretical degree bound in Theorem 1 as a near-untruncated
reference.

7 EXPERIMENTS

We compare a conventional parameter-sweeping pipeline with
our analytical parameter determination strategy, and assess both
construction efficiency and query performance across different
graph-based ANNS algorithms and representative datasets.

7.1 Experimental Setup

7.1.1  Datasets. We evaluate our method on six datasets with di-
verse dimensionalities and application domains, as summarized in
Table 2.

The first five datasets are standard benchmarks in the ANNS
literature and cover a broad range of real-world applications, in-
cluding image, audio, and text. MSong [7] consists of audio feature
vectors for music similarity search. DEEP1IM [5] and SIFT1M [31]
are widely used image-retrieval benchmarks based on deep neural
features and SIFT descriptors, respectively. GIST1M [31] contains
high-dimensional GIST descriptors. GloVe [47] provides word em-
beddings for semantic search. In addition, we include a synthetic
dataset, UNIFORM, where points are generated uniformly at ran-
dom in a unit hypercube.



Table 2: Summary of Datasets Used in Experiments

Dataset Cardinality Dimension Query Size Data Type
MSong 992,272 420 200 Audio
DEEP1IM 1,000,000 256 1,000 Image
SIFT1IM 1,000,000 128 10,000 Image
GISTIM 1,000,000 960 1,000 Image
GloVe 1,193,514 200 1,000 Text
UNIFORM 1,000,000 128 10,000 Synthetic

7.1.2  Performance Metrics. We measure both index-construction
efficiency and query behavior using several indicators. Index Con-
struction Time measures the end-to-end time to obtain a finalized
graph index, which includes both the time spent on selecting con-
struction parameters and the subsequent construction phase.

For query-time evaluation, Recall@ 10 measures the fraction
of queries for which at least one true nearest neighbor appears
in the top-10 retrieved results, formally defined as Recall@k =
[A N A’|/|A’], where A is the retrieved set and A’ is the ground
truth with |A| = |A’| = k. Queries Per Second (QPS) measures
throughput as the number of queries processed per second and
Query Latency reports the average time per query in milliseconds
at different recall levels.

7.1.3  Parameter Settings. For each fixed a, we vary the search
width L (and analogous search-time controls) to generate recall-
latency trade-off. For baseline methods that tune the truncation
parameter R via parameter sweeping, we employ a binary-search
(or grid-search) strategy guided by a normalized 1:1 weighted loss
over query recall and latency, which reflects standard practice in
iterative tuning pipelines. In contrast, our approach determines R
directly from the analytical relationship derived in Section 6.2.

7.1.4  Computing Environment. All experiments are conducted on a
workstation equipped with an Intel CPU, 64GB DDR4-3200 memory,
and a 2TB NVMe SSD, running Ubuntu 22.04 LTS. We compile all
code with GCC 11.4 and enable -03 optimizations.

7.1.5  Compared Algorithms. We evaluate three representative SNG-
based ANNS algorithms and apply our optimization principle consis-
tently across them. Vamana [53], which underlies DiskANN-style
indexing, relies on SNG-like pruning and exposes the parameters
a and R that directly control graph sparsification and maximum
out-degree. NSG [21] constructs a navigable graph with a bounded
out-degree constraint and typically requires careful tuning of R to
balance construction cost and search quality. HNSW [39] builds a
hierarchical multi-layer graph, where the construction-time candi-
date list size (e.g., efConstruction) plays a similar role in control-
ling construction overhead and the resulting graph connectivity.
We denote the variants using our proposed parameter optimiza-
tion strategy as OPT-DiskANN, OPT-NSG, and OPT-HNSW, and
refer to their original implementations as DiskANN, NSG, and
HNSW, respectively.

7.1.6  Additional baselines. To situate our method within the broader
competitive landscape, we additionally compare against four recent
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Table 3: Index Construction Speedup of OPT-SNG

Speedup over Baseline

Dataset Vamana NSG  HNSW

Avg

SIFT1IM 7.9% 4.8% 3.4% 5.4%
GISTIM 5.6X 7.1x 4.3% 5.7%x
DEEP1IM 6.4 6.4% 4.1% 5.6
MSong 4.2X 5.3% 2.6X 4.0x
GloVe 8.7% 15.4% 2.2% 8.8%

Average | 6.6 78X 33x | 59x

Table 4: Recall@10 comparison at fixed latency targets. La-
tency thresholds are dataset- and algorithm-specific, chosen
to reflect typical operating points.

Vamana NSG HNSW

Dataset . . .

Binary  OPT | Binary OPT | Binary OPT
MSong 99.26  99.32 | 99.79  99.82 | 86.27 91.85
DEEP1IM 96.77  98.76 | 97.94 99.33 | 9893  99.71
SIFT1IM 99.84 99.90 99.64 99.70 99.92 99.99
GISTIM 99.63  99.76 | 96.16  96.79 | 98.20  99.63
GloVe 88.91 89.94 90.34 91.83 92.97 94.61
UNIFORM | 98.78  99.62 | 9325 95.96 | 96.53 97.64

state-of-the-art ANNS systems that span graph, hashing, and quanti-
zation paradigms: VSAG [68], a versatile graph-based ANNS library
supporting multiple index structures; SymphonyQG [25], a recent
graph-quantization method achieving high throughput on standard
benchmarks; DET-LSH [61], a locality-sensitive hashing method
with dynamic encoding trees; and RaBitQ [22], a quantization-
based method with theoretical error bounds. These methods are
not modified by OPT-SNG and they serve as external reference
points for query performance.

7.2 Index Construction Performance

We begin by comparing the end-to-end index construction time, in-
cluding both parameter tuning and the subsequent graph building.
Figure 3a reports results across all datasets, where the stacked bars
separate tuning time from construction time. Across the board, the
most salient difference is the tuning component: parameter sweep-
ing repeatedly triggers expensive partial or full constructions to
probe candidate R values, whereas our method largely removes this
iterative overhead by computing R analytically once the necessary
reference statistics are obtained. As a result, the total construc-
tion time decreases substantially even when the actual build phase
remains comparable.

Table 3 summarizes the speedups achieved over binary-search
baselines. We observe consistent improvements across datasets and
algorithms, ranging from 2.2X to 15.4X, with an average speedup of
5.9%. The gains are particularly pronounced on GloVe, where NSG
achieves a 15.4x speedup, and on SIFT1M, where Vamana achieves
7.9%. These large gains occur because the binary-search pipeline
typically requires more iterations to converge to a good truncation
level on these datasets, leading to large cumulative tuning costs.
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Figure 3: Index construction time comparison and parameter-
reuse ablation.

7.3 Query Performance Evaluation

We next evaluate whether the analytically chosen parameters (OPT)
preserve query-time behavior compared to the parameters selected
by parameter sweeping. We report recall and QPS trends by varying
the search width L under each a.

Figures 4 present recall versus QPS curves under different «
settings. Across datasets, the curves produced by OPT closely track
and in several cases slightly improve upon the curves of the orig-
inal baseline, indicating that removing iterative tuning does not
come at the expense of query quality. Intuitively, this behavior is
consistent with our derivation: the analytical rule targets the better
construction-quality regime that the parameter sweep attempts to
locate empirically, but avoids repeatedly paying the cost of probing
suboptimal intermediate choices.

To provide a compact comparison under fixed latency budgets,
Table 4 summarizes the achieved Recall at representative, dataset
and algorithm specific latency targets. The results show that OPT
consistently matches or improves Recall@10 across all three algo-
rithms and all datasets. The improvements are most pronounced
on DEEP1M, MSong, GIST1M, and GloVe. This slight improvement
comes from better calibrating the truncation parameter R with
respect to the graph-structure parameter «. When R < R*, trun-
cation is too aggressive and removes useful SNG edges, reducing
connectivity and recall. When R > R*, maintaining R-NN candi-
dates and reverse edges mainly introduces redundant edges and
extra overhead, slowing search without further recall gains. The
analytically derived R* can slightly improve Recall by avoiding
locally suboptimal choices in discrete parameter sweeps. Notably,
HNSW exhibits the largest recall gains on SIFT1M, while on the
challenging UNIFORM dataset, the most significant improvement
is observed for NSG.

Figure 5 shows that the UNIFORM dataset consistently yields
lower throughput than SIFT1M across all evaluated algorithms
at comparable recall levels. For example, at 99% Recall@10, Va-
mana on SIFT1M achieves approximately 7x higher QPS than on
UNIFORM. Even under this challenging distribution, OPT consis-
tently achieves higher QPS than the baseline at the same recall
levels, demonstrating that our optimization remains effective and
preserves query efficiency under uniform data without favorable
geometric structure.

Comparison with Additional Baselines. Figure 6 also reports
four further baselines, covering the main families of recent ANNS
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work: two graph-based methods (VSAG and SymphonyQG), a
quantization-based method (RaBitQ), a hashing-based method (DET-
LSH). Among them, VSAG and SymphonyQG are the most com-
petitive, attaining high QPS at high recall on SIFT1M and Deep1M;
nevertheless, OPT-version matches or surpasses their throughput
across the full Recall-QPS frontier on every dataset, while requir-
ing substantially less index construction time (on average 1.2X less
than VSAG and 1.8x less than SymphonyQG). The non-graph base-
lines behave very differently: RaBitQ and DET-LSH degrade sharply
once recall enters the high-recall regime and never approaching
the graph-based frontier. Taken together, the three OPT variants
consistently dominate or match every baseline along the entire
Recall-QPS frontier.

7.4 Ablation: Parameter Reuse Across Builds

We evaluate a parameter reuse scenario in which the baseline first
sweeps R on one dataset and then reuses the resulting value on
subsequent builds of the same family, paying no further tuning
cost on new data. As shown in Figure 3b, OPT still consistently
outperforms the reuse baselines across all five datasets (Sift1M,
Gist1M, Deep1M, Msong, GloVe) and three index types (DiskANN,
NSG, HNSW). The construction-time reduction averages 1.09x for
DiskANN, 1.65x for NSG, and 1.74x for HNSW, and is observed
on every (dataset, method) pair. This confirms that the reported
construction-time gains stem from improved parameter quality,
and that OPT-SNG still provides direct construction speedups even
after removing the effect of parameter-sweep overhead.

7.5 Effect of Pruning Parameter o

Figure 4 illustrates the recall versus QPS curves under different
a settings. Across almost all datasets, increasing the pruning pa-
rameter o exhibits a consistent trend: for a fixed recall level, the
achievable QPS initially increases as « grows, and then either satu-
rates or slightly degrades when a becomes too large. We observe
that ¢ = 1.50 provides the best overall balance across datasets,
achieving the highest or near-highest QPS at comparable recall
levels in most cases.

The sensitivity to « varies across datasets. High-dimensional
datasets such as GISTIM and DEEP1M exhibit more pronounced
performance degradation at large « values, as overly sparse graphs
struggle to preserve navigability in high-dimensional spaces. In
contrast, lower- or medium-dimensional datasets such as SIFT1M,
GloVe, and MSong remain robust across a wider range of « values,
showing only mild performance variation.

7.6 Scalability Study

Finally, we evaluate the scalability of our approach by varying the
dataset size and reporting the index construction time. In addi-
tion, we conduct experiments on the SIFT10M dataset by sampling
subsets of size 2M, 4M, 6M, and 8M points. As shown in Figure 7,
the construction speedups achieved by the OPT variants are consis-
tently preserved across all sampled subsets, and the benefits become
increasingly pronounced as the dataset size grows.

Furthermore, as illustrated in Figure 8, the recall-QPS curves pro-
duced by OPT consistently match or outperform those obtained via
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Figure 5: Query performance across varying « values on UNIFORM

parameter sweeping across all three algorithms, without compro-
mising search quality. To verify scalability beyond the million-scale
setting, we evaluate OPT-Vamana on three standard billion-scale
benchmarks: SIFT1B (1B vectors, 128-dim), DEEP1B (1B vectors,
96-dim), and SpaceV1B (1B vectors, 100-dim), following the ex-
perimental protocol used by recent large-scale ANNS evaluations
such as [63]. All baselines and OPT variants are run on the same
hardware described in Section 7, and we report results in Figure 9.

Across all three datasets, OPT-SNG preserves the construction-
time advantage observed at the million-point scale. In particular, it
achieves graph-construction speedups of 2.48x on SIFT1B, 1.03x
on DEEP1B, and 1.07X on SpaceV1B. Moreover, at fixed latency
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targets, OPT-SNG attains Recall@10 higher than that of the original
version on all three datasets.

7.7 Summary

The experimental results provide evidence supporting the effec-
tiveness of the proposed analytical parameter optimization strat-
egy. Across all evaluated datasets and SNG-based algorithms, our
method substantially reduces index construction time by eliminat-
ing expensive iterative parameter sweeping. In particular, tuning
overhead is reduced by more than an order of magnitude, leading
to overall construction speedups of up to 15.4X and an average
speedup of 5.9 across datasets.
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Figure 9: Query performance on billion datasets

Crucially, this acceleration does not come at the cost of query
quality. The analytically determined parameters consistently pre-
serve—and in many cases improve the recall and QPS compared to
baseline parameter sweeping. Recall is matched or improved across
all datasets and algorithms at representative latency targets.

8 RELATED WORK

Approximate Nearest Neighbor Search. ANNS has evolved to
support diverse scenarios, including multi-metric spaces [69], hy-
brid queries [46], privacy-preserving federated settings [67], and
retrieval-augmented generation [34]. Existing methods are com-
monly categorized into tree-based [55, 57], hashing-based [15, 33,
61], quantization-based [19], and graph-based approaches [36, 58,
70]. Tree-based methods, such as k-d trees [6], hierarchically parti-
tion the space but suffer from the curse of dimensionality. Hashing-
based methods, such as LSH [15], map similar points to the same
bucket with high probability but often incur substantial memory
overhead. Quantization-based methods, including product quanti-
zation (PQ) [31] and optimized product quantization (OPQ) [23],
compress vectors for efficient distance computation at the cost of
precision loss. Hybrid systems combining graph search with quan-
tization, such as DiskANN [53] and SPANN [10], further support
billion-scale search.

Graph-Based ANNS Framework. Graph-based ANNS systems
construct sparse proximity graphs to balance search efficiency and
index size. Representative systems include HNSW [39], NSG [21],
KGraph [17], DiskANN [53], DPG [35], and SPTAG [12]. Extensions
such as Filtered-DiskANN [24] and FreshDiskANN [51] adapt this
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framework to filtered or dynamic large-scale settings, while recent
work explores cross-modal retrieval [11] and filtered search [1, 46].

Existing theoretical studies mainly analyze structural properties
such as degree bounds, query complexity, and search path length
under simplified distributional assumptions. Laarhoven [48] es-
tablishes sublinear query complexity for threshold-based nearest
neighbor graphs under spherical data models, where sufficient local
connectivity enables efficient greedy routing. Prokhorenkova and
Shekhovtsov [16] show that navigable graphs with average degree
O(n#) for f < 1/2 remain navigable under a binomial distribution.

Parameter Tuning for ANNS Systems. Selecting optimal pa-
rameters for ANNS systems remains challenging. Traditional pa-
rameter sweeping requires repeated index construction and evalua-
tion, which is computationally expensive. Automated approaches
such as VDTuner [65] use learning-based models to predict con-
figurations. Our work takes a complementary route by deriving
analytical parameter-selection rules from the pruning dynamics,
thereby reducing the need for iterative search.

9 CONCLUSIONS

This paper revisits SNG-based graph indexing for approximate near-
est neighbor search from theoretical and optimization perspectives.
We develop OPT-SNG, a martingale-based probabilistic framework
for modeling the stochastic pruning dynamics in SNG construction.
This framework enables a principled analysis of graph structures
generated by widely used systems. We show that the constructed
SNG has maximum out-degree O(n%3+€) for any € > 0, and that
GreedySearch converges in an expected O(log n) steps.

Building on these guarantees, we derive a closed-form rule for
selecting the truncation parameter R as a function of @ and n, to-
gether with a lightweight calibration procedure for estimating the
scaling constant. Experiments on real-world benchmarks validate
the effectiveness of the proposed analytical parameter selection
strategy.

An important direction for future work is to extend Theorem 2
beyond the current uniform-distribution setting. A rigorous exten-
sion would require re-establishing the volume-ratio inequalities and
drift conditions used in the proof under non-uniform distributions.
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