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ABSTRACT —#— ParGrid+(Ours) =——s— ParCoreIndex [29]

Multilayer (ML) graphs offer a convenient paradigm for model-
ing complex node-to-node interactions, such as social or semantic
connections, as layers of a graph. In such graphs, FirmCore decom-
position represents an established technique to identify cohesive
groups of nodes with strong ties across layers. Unfortunately, the
fastest FirmCore decomposition method fails to fully harness the
resources, leading to underutilized and idle threads. Our main ob-
servation is that FirmCores enjoy a grid structure we call FC-Grid,
which we exploit to distribute work among threads. Building on this
structure, we introduce serial and parallel algorithms for multi-core
CPUs, as well as the first GPU-based algorithm. Owing to this new
design, our solutions show greatly improved performance and re-
source utilization. Our experiments on 12 datasets show 9X speedup
on average for our serial version FC-Grid compared to existing
serial methods. Furthermore, our parallel algorithm achieves an
average 100.3x speedup over the state-of-the-art parallel algorithm.
For the challenging NP-hard densest subgraph mining problem in
ML graphs, our algorithms achieve 15X speedup on average.
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1 INTRODUCTION

Multilayer (ML) graphs offer a convenient abstraction to represent
different relationships among entities, such as following others
on social media [19], user interests [11], or spreading rumors [16],
as different layers of a graph. The utility of ML graphs has been
widely recognized across various domains, including biological
networks [31, 46], social networks [14], and signal processing [64].

An effective and widely spread technique for discovering co-
hesive groups in graphs is the k-core decomposition [42], which
identifies maximal subgraphs where each node has degree at least
k. Owing to its simplicity, efficiency, and ability to capture vari-
ous notions of graph density [21], k-core decomposition has been
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Figure 1: Per-algorithm relative speedup and runtime in
number of threads for our parallel algorithm ParGrid+ and
state-of-the-art parallel ParCoreIndex [29]. ParCoreIndex ex-
hibits underutilized and idle threads, we exploit resources
for greatly improved efficiency. (HW1 dataset [7, 8]).

applied to diverse domains, including detecting stock movements
in financial markets [20] and biological network analysis [22]. A
straightforward extension of k-core decomposition to multilayer
(ML) graphs [23] enforces degree constraints independently on each
layer. However, the resulting problem takes exponential time in the
number of layers [23], making it impractical for large-scale datasets.
Moreover, selecting a fixed per-layer constraint is often unrealistic
for real-world ML graphs, which typically exhibit varying levels
of noise [29]. To address these issues, FirmCore [29] relaxes the
constraint of k-core on ML graphs and allows vertices to have at
least k neighbors in at least A layers.

ExamPLE 1 (FIRMCORE). Figure 2(a) shows a 3-layer social net-
work ML graph with layers Gi (Facebook), G2 (Instagram), and Gs3
(LinkedIn). Figure 2(b) illustrates the (2,1)-, (2,2)-, and (3,2)-FirmCore
of this ML graph. For instance, vertices 0, 1, 3, and 4 form the (3,2)-
FirmCore, each having at least 3 neighbors in at least 2 layers.

FirmCore decomposition [29] aims to compute the cores for
all k and A value combinations. As a result, unlike k-core decompo-
sition, FirmCore decomposition achieves polynomial-time complex-
ity and greater resilience to noise in ML graphs, making it a more
palatable alternative for analyzing large real-world ML graphs. Firm-
Core decomposition is a fundamental primitive in a broad range of
applications, including identifying cross-community collaborations
in co-authorship networks, detecting user groups across social net-
works [29], approximating the densest subgraph [38, 49, 66], and
analyzing temporal graphs [61]. These applications benefit from
faster responses, as analysts may repeatedly compute and visu-
alize [48] FirmCores to inspect cohesive structures across layers.
This need becomes prominent in evolving graphs, where updates
on edges may require re-running the analysis. As such, reducing
the latency of FirmCore decomposition is critical for improving
the responsiveness of the overall analysis workflow. Yet, the best
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parallel algorithm requires 15 minutes to run on large real-world
graphs [27], which limits its applicability at scale. Besides these ap-
plications, FirmCore decomposition has inspired several follow-up
models, such as Generalized FirmCore [6] and FocusCore [59].

To better understand the inefficiency of current algorithms for
FirmCore decomposition, we observe that they suffer from struc-
tural limitations that cause poor resource utilization. The state-of-
the-art serial algorithm [29] organizes FirmCores in a one-dimensional
list, overlooking the inherent two-dimensional (k, ) hierarchy of
the problem. Likewise, the best parallel algorithm [29] suffers from
thread underutilization as it can only process each list in parallel,
leaving many threads idle. As a result, its speedup quickly saturates,
with no further performance gains for additional threads, as seen in
Figure 1 (left). Hence, existing approaches waste available hardware
resources and suffer from limited scalability.

Motivation. Can we design efficient and scalable parallel algorithms
for FirmCore decomposition that improve hardware utilization?

This motivates us to revisit FirmCore decomposition from a new
structural perspective by introducing the FC-Grid grid data struc-
ture, built upon the two-dimensional (k, A) hierarchy, and to design
new ParGrid algorithms that effectively distribute work across
threads by exploiting this structure. To further improve thread
utilization and efficiency, we propose to compute multiple Firm-
Cores concurrently, utilizing vertex-level parallelism within each
FirmCore, enabling both inter-FirmCore and intra-FirmCore paral-
lelism. As a result, our solutions enjoy better resource utilization
and much faster runtime, as seen in Figure 1 (right; log y-axis). We
further introduce the first GPU-based algorithm, ParGrid++, which
processes the neighbors of each vertex in parallel to enhance the
parallelism of the CPU version. To address the limited per-thread
memory on GPUs, we design a novel memory-block scheme and a
hierarchical parallelism strategy. Together, these enable both inter-
and intra-vertex parallelization, substantially improving the over-
all efficiency of FirmCore decomposition. We conduct extensive
experiments on 14 datasets. Results show that our algorithms sig-
nificantly outperform the state-of-the-art with an average of 100.3x
speedup and 2.7X less memory consumption. To show the practical
benefit of our algorithms, we apply FC-Grid to the NP-hard prob-
lem of densest subgraph mining in ML graphs; the results show
15.3% speedup on average compared to the state-of-the-art parallel
algorithm. Our main contributions include:

e A novel two-dimensional structure, FC-Grid with two traver-
sal strategies that enable efficient FirmCore decomposition and
retrieval of any (k, A)-FirmCore (Section 4).

o Parallel CPU algorithms leveraging vertex-level parallelism to
enhance thread utilization for efficient FirmCore decomposition
(Section 5.1-5.2).

o The first GPU-based FirmCore decomposition algorithm with
hierarchical parallelism strategy (Section 5.3).

e Tests across 14 large-scale datasets show our serial algorithm
averages 9X speedup and 2.7x less memory than the state-of-the-
art, while our parallel versions achieve 10.3x (CPU) and 100.3X
(GPU) speedups over existing parallel solutions (Section 6).

o We demonstrate our solutions in the real-world applications of
FirmCore retrieval, ML temporal social network analysis, and
densest subgraph mining. (Section 7).
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2 RELATED WORK

Cohesive subgraph mining in a single-layer graph. Identifi-
cation of cohesive subgraphs is a key task in graph mining with
a wide range of applications [20, 22, 26]. In this category, k-core
decomposition [5] is an appealing choice due to its linear time com-
plexity. The k-core decomposition problem is to identify a maximal
subgraph where each node has degree at least k. This problem has
various applications, including social network analysis [50], data
visualization [3], anomaly detection [58], biology [62], and graph
mining [57]. Due to its broad range of applications, k-core decom-
position has been extensively studied in various contexts, including
parallel [1, 15, 35, 47], distributed [2, 52, 54], streaming [55, 65], and
for different types of graphs [9, 25, 32, 63].

Cohesive subgraph mining in ML graphs. A ML graph is a
popular representation of graphs with different types of entities
and relationships. k-core decomposition in ML graphs [4] aim to
identify all non-empty k-cores; given a vector k with length equal
to the number of layers, where each entry k; is a non-negative
integer, the k-core is the maximum subgraph wherein each vertex
has at least k; neighbors for each layer l€{1, ..., |L|}, where |L] is the
number of layers in the ML graph. Galimberti et al. [23] utilize the
hierarchy structure of k-cores of an ML graph and propose three
algorithms for computing the ML k-core decomposition by using
different traversal orders: ML-BFS (Breadth-First Search), ML-DFS
(Depth-First Search), and ML-Hybrid, which combines both BFS and
DFS strategies. ParMLCD [44] organizes ML k-cores into an MLC-
tree structure to reduce the search space of [23], and parallelizes
the construction of the MLC-tree along its rightmost path.

Dense subgraph in ML graphs. While there are various algo-
rithms for extracting dense subgraphs in single-layer graphs [12,
36], little work explores the problem in ML graphs. The densest com-
mon subgraph problem in ML graphs finds the subgraph with the
highest minimum density across layers [34]. ML density is a distinct
notion of density [23] that balances vertex density with the number
of layers, thereby enabling efficient approximate algorithms.

FirmCore Decomposition. The state-of-the-art serial algorithm
CoreIndex [29] organizes the FirmCore into a one-dimensional list
structure for each layer constraint A, and computes the largest k
such that a vertex belongs to the (k, 1)-FirmCore. Yet, this design
has a structural limitation: it overlooks the natural two-dimensional
hierarchy among FirmCores and fails to capture the dependencies
and relationships across different lists. In particular, the state-of-the-
art parallel algorithm ParCoreIndex [29] assigns a thread to each
individual list, limiting the parallelism to the number of layers in the
graph. This design naturally leads to suboptimal thread utilization
and leaves some threads idle, as the number of threads often exceeds
the number of layers. To address the limitations of the current
solutions and accelerate FirmCore decomposition, we design the
first parallel framework on both CPUs and GPUs.

3 FIRMCORE DECOMPOSITION

A multilayer graph (ML graph) is a triple G = (V, E, L), where V is a
set of vertices, L = {1, 2, ..., |L|} aset of layers,and E C VXV XL a set
of edges. |V, |E|, and |L| denote the number of vertices, edges, and
layers, respectively. An edge (u, v, I) € E is a connection between
vertices u, v in layer [. In an ML graph, each layer has its own set
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(a) An example of Multilayer Graph
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(b) (k, A)-FirmCore Decomposition

Figure 2: Example (a) 3-layer graph with each layer repre-
senting a different network, (b) Example of (k,1)-FirmCore.

of edges E; = {(u,v)|(u,v,1) € E} and its own set of vertices V;. All
layers share the same vertex set. The graph in layer l is G; = (V}, Ej).

A neighbour in layer [ of vertex v is denoted as Nj(v) and the de-
gree of v inlayer [ is deg;(v) = |N;(v)|. The subgraph G induced by a
set of vertices SV C Vinlayer [ is the graph G;[SV] = (SV, E;[SV])
having the edges between the vertices in SV. The degree degfv(v)
in the subgraph G;[SV] is the number of neighbors of v in layer .

DEFINITION 1 (FIRMCORE). For undirected ML graph G = (V,E, L),
positive natural numbers A,1 < A < |L|, k > 1, the (k, A)-FirmCore of
G is a subgraph G[SV] such that (a) for each vertexv € SV there are
at least A layers such that degfv(v) > k and (b) G[SV] is maximal,
so there is no larger SV C V,SV C SV’ for which (a) holds.

Hashemi et al. [29] note the following properties:

PROPERTY 1 (UNIQUENESS). Given an ML graphG = (V,E,L) and
thresholds k and A, there is one unique (k, A)-FirmCore.

PROPERTY 2 (HIERARCHICAL STRUCTURE). Given an ML graph
G = (V,E, L) and thresholds k and A, the (k, A + 1)-FirmCore and the
(k + 1, A)-FirmCore are subgraphs of the (k, A)-FirmCore.

As shown in Fig. 2(b), the size of the FirmCore remains the same
or decreases as k or A increases. For example, the (3,2)-FirmCore is
a subset of the (2,2)-FirmCore, and the (2,2)-FirmCore is a subset of
the (2,1)-FirmCore.

We aim to efficiently compute and retrieve all FirmCores of an
ML graph G. We formally define the problem below.

PrOBLEM 1 (FIRMCORE DECOMPOSITION [29]). For ML graph G,
find all (k, A)-FirmCore for all combinations ofk > 1,1 < A < |L|.

4 EFFECTIVE HIERARCHICAL TRAVERSAL

Here, we introduce a novel two-dimensional grid structure, FC-Grid,
which organizes all (k, 1)-FirmCores into a hierarchical structure
across the k and A dimensions. FC-Grid reveals the full structural
hierarchy and enables more efficient decomposition by reducing
redundant computations. We observe that it naturally supports dif-
ferent traversal orders along both dimensions. As we will show, we
can take advantage of this flexibility by selecting traversal strategies
LP-Enum and DP-Enum based on the graph’s properties. In contrast,
previous approaches [29] employ a list-based representation of
FirmCores that overlooks the structural interdependencies among
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Figure 3: FC-Grid with DP-Enum (left) and LP-Enum (right).

FirmCores with different (k, 1) values. Based on FC-Grid, we pro-
pose a bucket-free serial algorithm that efficiently computes all
FirmCores while no existing work has exploited the inherent two-
dimensional hierarchy among (k,A)-FirmCore for computation.

DEFINITION 2 (FC-Grid). Given a multilayer graphG = (V,E, L),
the FC-Grid is a two-dimensional structure that organizes all (k,A)-
FirmCores by their degree constraint k and layer constraint A. Each
cell in the grid corresponds to the (k, A)-FirmCore.

Unlike list-based representations that support only a fixed tra-
versal order, the two-dimensional grid structure of FC-Grid enables
flexible traversal along both the k- and A-dimensions, where the k-
dimension captures degree constraint and the A-dimension captures
layer constraint.

DEFINITION 3 (DP-Enum TRAVERSAL). Given a multilayer graph
G = (V,E, L), DP-Enum (Degree-Prioritized Enumeration) traverses G
along the k-dimension. If the (k, 1)-FirmCore is non-empty, it proceeds
to traverse along the corresponding A-dimension for that k value.

DEFINITION 4 (LP-Enum TRAVERSAL). Given a multilayer graph
G = (V,E, L), the LP-Enum (Layer-Prioritized Enumeration) traverses
G along the A-dimension. If the (1, A)-FirmCore is non-empty, it pro-
ceeds to traverse along the corresponding k-dimension for that A value.

ExAMPLE 2. Figure 3 illustrates FC-Grid with the two traversal
strategies: DP-Enum (left) and LP-Enum (right). In DP-Enum, the traver-
sal proceeds along the k-dimension. For each k, if the (k, 1)-FirmCore
is non-empty, it continues to increase A within the same k until the
corresponding (k, A)-FirmCore becomes empty. Then, it increments
k by one and starts from the (k,1)-FirmCore that is derived from the
previous (k-1,1)-FirmCore.

Our FC-Grid reduces the computational effort compared to the
state-of-the-art CoreIndex [29], pruning along the k-dimension in
the DP-Enum traversal or the A-dimension in the LP-Enum traver-
sal. As such, FC-Grid fully harnesses Property 2, whereby (k,1)-
FirmCore is always a subset of the (k-1,4)-FirmCore and (k,A-1)-
FirmCore. In contrast, CoreIndex computes each A-list form scratch
on the ML graph. We also observe that CoreIndex [29] maintains
bucket structures to store top-A degree ordering to compute each
FirmCore, but maintaining such buckets incurs both time and
memory overhead. More importantly, bucket-based designs are
not parallel-friendly as they introduce synchronization and thread



contention due to frequent vertex movements across buckets. To
address these challenges, we propose a bucket-free algorithm for
constructing the grid structure, which serves as the cornerstone
for our parallel algorithm design.

Algorithm 1 provides the serial algorithm (SerGrid) for build-
ing FC-Grid with LP-Enum traversal strategy; the procedure for
DP-Enum follows a similar approach. We first initialize the Count
array with all the elements set to 0. For a given degree constraint
k and layer constraint A, the Count array stores the number of
layers in which each vertex has degree at least k (Line 1). We then
compute the Count values for all vertices with indices greater than
or equal to pose. If a vertex v fails to satisfy the (k, A)-constraint,
we swap it with the vertex at position pos, and increment pos, by
1. As a result, all vertices with indices in the range [poss, pos.) do
not satisfy the (k, A)-constraint (Line 3-8). Then, for each vertex v
in the range [poss, pose), we remove its connections to any vertex
u whose index is equal to or greater than pos,. After each removal,
if vertex u no longer satisfies the (k, 1)-constraint, we repeat the
process: we swap u with the vertex at position pos, and increment
pose by 1 (Lines 9-16). To verify if a vertex still satisfies the (k, A)-
constraint after degree updates, we exploit our Count structure to
avoid scanning the entire ML graph when a vertex degree changes.
We lazily update a vertex’s Count only when its degree in a layer
drops to exactly k-1, as this is the critical point where the vertex
may no longer satisfy the degree’s layer constraint (Line 22-23). Fi-
nally, we store all vertices with indices greater than or equal to pos,
in FC-Grid’s corresponding (k, A)-FirmCore, FC-Gridy ;, as those
vertices satisfy the (k, 1)-constraint. To construct the next FirmCore,
we increment the degree constraint k and build (k+1,1)-FirmCore
directly from its parent (k,1)-FirmCore (Line 17-19). Moreover, if
the degree constraint k=1, we increase the layer constraint A by 1
to construct (1,A+1)-FirmCore from its parent (1, 1)-FirmCore (Line
20-21). By contrast, CoreIndex computes each list from the entire
ML graph while our algorithm computes each FirmCore from its
parent FirmCore, significantly reducing the computational space.
Furthermore, since FC-Grid explicitly stores the valid vertex set for
each FirmCore, it allows efficient retrieval of any (k,1)-FirmCore
without any preprocessing.

We define kmax and Amax to facilitate the theoretical analysis of
Algorithm 1.

DEFINITION 5 (kmax AND Amax). kmax is the maximum value of
k such that the (k, 1)-FirmCore is non-empty. Similarly, Amax is the
maximum value of A such that the (1, 1)-FirmCore is non-empty.

THEOREM 1. For an ML graph G = (V, E, L), Algorithm 1 takes
at most O(IL| - |V| - £57% x(A) + |L| - |E) time, where k(1) is the
largest degree constraint such that (k(A), A)-FirmCore is non-empty,
and Ziﬁ* K (A) is the total number of FirmCores in the ML graph.

Proor. Algorithm 1 computes the FirmCores for each A from 1
t0 Amax, where Amay < [L|. Let |[Vi 2| < |V] and |Eg | < |E| denote
the number of vertices and edges in the (k, 1)-FirmCore. Let k(1)
be the largest value such that the (x(1), A)-FirmCore is non-empty.

For a fixed A, the algorithm performs k(1) peeling iterations.
In each iteration, it scans the vertex set of its parent FirmCore,

resulting in a total vertex-scanning cost of O(ZK(A) IL| - [Vie—1.2D)-
Moreover, for a fixed A, each edge is peeled at most once, so the total
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Algorithm 1: SerGrid (k, A, deg, pose)

Data: k=1, A=1, deg, pos.=0; Result: FC-Grid
1 Count[-] « Oy > Initialize Count with all elements be 0

2 POSs < POSe
3 for id = pose to |V| do
v« V[id],cnt <0
for I =0 to G.layer() do
L cnt « cnt + deg;(v) > k
Count[v] « cnt
| if cnt < A then swap(V[pose++], v)
9 while poss < pose do
v — V[poss++]
for [ = 0 to G.layer() do
for u € Nj(v) do
if index(u) > pos. then
deg;(u) < deg;(u) - 1
if deg;(u) = k — 1 and Verify(Count, u, A) then
| swap(V[pose++], u)

10
11
12
13
14

15

if pos. < |V| then
FC-Gridgy « V[pose :]
B k < k +1, SerGrid (k, A, deg, pose)
if pose < |V| and k = 1 then
| A< A+1,SerGrid (k, A, deg, pos)
Function Verify(Count, u, A):
L Count,, < Count, - 1; return Count,, = A — 1

> Store the valid vertex

number of edge removals is bounded by |E; 3_1|. Therefore, the

time complexity for a fixed A is O(ZK(A) (IL] - [Vie—p,21) + |Eq -1 D).

Summing over all A=1,. .., Anax, the total running time of Algo-
rithm 1 is O (3} max(z’““)qu Vi—1.4]) + |E;2-1])). In the worst
case, since |Vj._ 1,,1|§|V| |E1JL 1l < |E| and Amax < |L|, the worst

ZA‘“” k(M) +IL[-|E) O

Compared with the state-of-the-art algorithm CoreIndex, which
has a time complexity of O(|E| - |L|?> + |V| - |L| - log|L]) [29],
SerGrid improves the edge-related complexity from O(|E| - |L|?)
to O(|E| - |L|) in the worst case. As a result, SerGrid is benefi-
cial for dense multilayer graphs. The vertex-related complexity
of CorelIndex is O(|V] - |L] - log|L|) while that of SerGrid is
o(v]-|L|- Zim""‘ k(A)). The term Z vl k(A) corresponds to the
total number of non-empty (k, A)- FlrmCores in the ML graph. In
ML graphs, k(1) typically decreases rapidly as A increases, since
most (k, 1)-FirmCores become empty for large values of k and A.
Therefore, although the worst-case vertex-related complexity of

time complexity becomes O(|L| - |V| -

SerGrid may be larger, Z;:ﬁ* k(4) is typically small in practice,
leading to efficient vertex processing in real-world ML graphs.

Traversal Order Selection Strategy. Here, we present our strate-
gies to select the traversal order based on the ML graph’s properties.
The main difference between DP-Enum and LP-Enum lies in the prun-
ing order of invalid vertices. The DP-Enum strategy fixes the degree
dimension k and incrementally increases the layer dimension A,
removing vertices that no longer satisfy the (k, 1)-constraint. Once
no vertices remain for a given k, it proceeds to the next k value



in the grid. In contrast, LP-Enum fixes A and increases k, pruning
based on degree within each layer. After removing all vertices, it
proceeds to the next A value in the grid. This difference in prun-
ing order can significantly impact algorithm performance, as the
best order depends on the characteristics of the ML graph. As an
example, consider the Homo dataset [23, 24] with 7 layers. Figure 4
shows the percentage of valid vertices remaining when pruning
with k = 1 while increasing A (left, using LP-Enum), and with A = 1
while increasing k (right, using DP-Enum). The results reveal that
LP-Enum can eliminate almost all vertices by the time A = 4 and
k = 1, whereas DP-Enum only removes approximately 50% of ver-
tices when k = 4 and A = 1, with Ayax equals to 5 and kpmax equals
to 39. This indicates that as A increases, LP-Enum rapidly shrinks the
subgraph corresponding to the (1,1)-FirmCore, leading to a smaller
computational space for computing higher k values under the same
A, while DP-Enum maintains a much larger computational space as k
grows. This effect is further reflected in the edge reduction. For the
Homo dataset, the total number of edges removed from the compu-

tational space under LP-Enum is Zj:?" |Eq1—1] = 467040 whereas

under DP-Enum it is Zi:";" |Ex—1,1| = 3167120. Thus, LP-Enum saves
approximately 6.78x workload than DP-Enum on this dataset. There-
fore, we select LP-Enum when FirmCore subgraphs shrink faster
along the A dimension than along the k dimension, which often cor-
relates with Apax < kmax. Conversely, we select DP-Enum when the
subgraphs along the k dimension exhibit faster reduction, which is
commonly associated with kmax < Amax. In practice, a sparse ML
graph with many layers benefits from DP-Enum while a dense ML
graph with fewer layers benefits from LP-Enum.
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Figure 4: Percentage of valid vertices for Homo dataset.

Comparing SerGrid and CoreIndex [29]. In summary, our SerGrid
introduces key innovations over CoreIndex in several aspects.
First, it fully leverages the two-dimensional hierarchical of (k,1)-
FirmCore to reduce computation. Second, it stores the valid vertex
set for each FirmCore explicitly, enabling efficient retrieval without
additional processing. Third, it supports different traversal orders
based on the graph’s property to improve the overall efficiency.
Finally, its bucket-free design avoids costly synchronization and
atomic operations across buckets, forming the basis of our parallel
CPU (Section 5.1-5.2) and GPU (Section 5.3) algorithms..

5 PARALLEL FIRMCORE DECOMPOSITION

Building on FC-Grid, our parallel algorithms fully exploit thread-
level parallelism while minimizing the resource underutilization of
prior methods [29]. To address the idle threads issue, we design a
vertex-level parallel strategy that enables parallel execution across
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Algorithm 2: ParGrid(k, A, PValid, PCnt, deg)
Data: k, A, PValid, PCnt, deg; Result: FC-Gridy 5

1 if PCnt = G.vertex() then return

2 poss < 0, pose < 0, buf «— 0

3 Count[-] « Oy, > Initialize Count with all elements be 0

4 forv=0to |V| - In parallel do

5 if PValid[v] = 1 then

> Information in each thread

6 cnt «— 0
7 for | =0 to G.layer() do cnt « cnt + deg;(u) > k
8 Count|v] « cnt
9 if cnt < A then buf[pose++] < v, PValid[v] « 0
10 Barrier
11 while poss < pose - All threads work in parallel do
12 v« buf[poss++] > Each thread gets a vertex
13 for I =0 to G.layer() do
14 for u € N;(v) do
15 d «— atomicSub(deg; (u), 1)
16 if d = k — 1 then
17 ¢ « atomicSub(Count(u), 1)
18 if ¢ = A-1 and atomicCheck(PValid(u)) then
19 L buf[pose++] «— u
20 Barrier

21 atomicAdd(PCnt, pose)
22 if threadID = 0 then FC-Gridg, « PValid

vertices (Section 5.1). To improve thread utilization, we propose
grouping a small set of threads for each FirmCore computation,
allowing threads within a group to compute a single FirmCore in
parallel, while multiple groups process multiple FirmCores concur-
rently. This strategy enables both inter- and intra-FirmCore par-
allelism (Section 5.2). Moreover, to enable additional intra-vertex
parallelism, we propose a GPU-based solution (Section 5.3).

5.1 Vertex-level parallelism on FC-Grid

As previously observed, the parallelization solely across A values in
prior work [29] results in idle threads, since the number of layers
is typically smaller than the number of available threads. This
limitation is evident from Figure 1, which reports the speedup of
ParCorelIndex with increasing thread counts. Beyond 10 threads,
corresponding to the number of layers in the graph, additional
threads yield no further performance gain.

CHALLENGE 1 (IDLE THREAD). Can we eschew idle threads and
thus harness the full CPU power?

To address this issue, we present a vertex-level parallel strategy
that builds upon the bucket-free FC-Grid structure. Yet, paralleliz-
ing the FC-Grid construction is non-trivial due to its sequential
nature and the inter-dependencies in degree updates across lay-
ers. To tackle this problem, we adopt a frontier-based strategy [35],
which stores the peeled vertices in each iteration and decouples
the peeling (vertex removal) process from degree updates. In a
nutshell, for each degree and layer constraint, we peel in parallel
all vertices that do not belong to the (k,A)-FirmCore and collect
them into a frontier. Unlike a global frontier [5], which suffers from



thread contention and synchronization overhead, our design uti-
lizes thread-local frontiers. By ensuring each vertex is processed by
a single thread to update neighbor degrees, we eliminate frontier-
level contention and maximize resource utilization.

Algorithm 2 presents the pseudocode for vertex-level parallel
FirmCore computation under degree constraint k and layer con-
straint A (ParGrid). PValid is a binary array that records each
vertex’s status, with PValid[v] = 1 indicating that vertex v satis-
fies the (k, A)-constraint. The variable PCnt tracks the number of
vertices removed from the ML graph for each FirmCore as those
vertices violate the (k, A)-constraint. If all the vertices are removed
from the ML graph, it indicates that the decomposition for the cor-
responding k- or A-dimension is complete (Line 1). Otherwise, each
thread initializes a local buffer and checks whether each vertex
satisfies the (k, A)-constraint in parallel; if not, the thread adds the
vertex to its own buffer and sets the vertex’s valid status to false. In
the end, each thread’s buffer stores the vertex that does not satisfy
the constraint (Line 4-9). Next, all the threads work in parallel with
vertex-level parallelism as illustrated in Figure 5; each thread gets
a vertex v from its own buffer and removes its connection with its
neighbor u across layers. Each degree update must be atomic to
prevent a situation in which multiple threads concurrently modify
a vertex’s degree (Line 15). After an update, each thread inspects
whether the degree still satisfies the threshold k for that layer. If
not, the thread atomically decrements the variable Count, which
records the number of layers in which the vertex has degree at least
k (Line 17). When Count becomes A-1, the vertex no longer satisfies
the (k,A) constraint. In this case, we atomically set its validity to 0
and insert the vertex into the thread-local buffer (Line 18-19). To
prevent an already peeled vertex from being added to the thread-
local buffers again, we employ an atomic check (atomicCheck)
on its validity status. Specifically, if a vertex u has PValid[u]=1,
atomicCheck sets PValid[u] to 0 and returns true; otherwise, if
u’s validity is already 0, it returns false. This process repeats until
all threads’ buffers are empty. Finally, we update PCnt with the
number of newly removed vertices from each buffer (Line 21) and
store the valid status of each vertex PValid in FC-Grid (Line 22). As
shown in Figure 3, in practice, each FirmCore receives the PValid
and the PCnt value from its parent FirmCore as intermediate results
to avoid redundant computation and improve efficiency.
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Figure 5: Vertex-level parallelism within a single layer. CPU
threads f, and t; concurrently process vertices v; and vy, re-
spectively. Each thread sequentially scans its assigned neigh-
borhood: ty processes u1,uz,us, while t; processes us, ug.

Time complexity. We analyze our parallel algorithms under the
work-span model [33]. The work of an algorithm is the total number
of operations, while span is the longest dependency path.
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THEOREM 2. Our SerGrid equipped with the ParGrid in Algo-
rithm 2 finds all non-empty FirmCore in O(|L| - |V - Zj‘“a" k(A) +

=1
|L| - |E|) work and O(ZLA:niaxl

k(1)) span.

Proor. SerGrid with ParGrid computes the FirmCore for each
A € [1, Amax < |L|]. For each A, the algorithm performs k(1) peeling
iterations. Recall that k(A) is the largest value such that (x(1), A)-
FirmCore is non-empty. In each iteration, ParGrid inspects all
layers for valid vertices and removes edges associated with invalid
vertices. As each edge is removed only once, it takes O(x(A) - |L]| -
|V |+|E]) to compute all FirmCores that share the same A value. Since

there are Amay lists, the work is O(|L| - |V] - Zi:al" k(A) + |L| - |E]).

For each A, ParGrid performs up to k(A) iterations. Since ParGrid
inspects Amax layers, the span is O(ZL’L‘T"' k(A)). O
Reducing memory redundancy. Our ParGrid improves the ef-
ficiency of FirmCore decomposition by addressing the challenge
of wasting computational resources. However, a key challenge lies
in the memory consumption associated with storing the PValid
array in each FirmCore. This array, with a length equal to the num-
ber of vertices, becomes especially memory-consuming for large
values of k and A, wherein only a small subset of vertices satisfy
the constraints. To address this issue, instead of storing the entire
PValid array, we store only the valid vertices for each FirmCore.
For example, Table 1(a) illustrates the valid vertex sets for each
(k, 1) combination based on Figure 2 (Top). However, this approach
still introduces some memory redundancy. Specifically, certain ver-
tex sets are stored multiple times across different FirmCores. For
instance, both the (1, 1)-FirmCore and the (2, 1)-FirmCore contain
the same set of vertices: {0, 1,2,3,4,5}. To further reduce mem-
ory usage, we adopt a differential storage strategy [43-45]. Rather
than storing the complete valid vertex set for each FirmCore, we
store the difference between a FirmCore and its child. For exam-
ple, in Table 1(b) the (1, 1)-FirmCore stores only the difference
between itself and its child (2, 1)-FirmCore. Since these two Firm-
Cores share the same vertex set, the difference is empty, and thus
(1, 1)-FirmCore stores an empty set. Similarly, the (2, 1)-FirmCore
stores its difference with (3, 1)-FirmCore, which is {2, 5}. Finally,
since (3, 1)-FirmCore has no child, it retains its full valid vertex
set: {0, 1,3, 4}. To retrieve the valid vertex set given k and A, we
can traverse our FC-Grid to aggregate the vertices. For example,
to retrieve (1, 1)-FirmCore, we traverse along the A1=1 dimension
and aggregate all the vertex sets corresponding to k > 1. Thus,
(1,1)-FirmCore = {} U {2,5} U {0,1,3,4} = {0,1,2,3,4, 5}.

THEOREM 3. For an ML graph G = (V, E, L), our ParGrid with the

differential storage strategy stores all FirmCores in O(Zi‘;‘f‘ Vi)
space, where V  is the vertex set of the (1, A)-FirmCore.

ProoF. ParGrid with the differential storage strategy computes
the FirmCores for each A € [1, Ajmax]. For a fixed 4, since (k + 1, A)-
FirmCore is a subset of (k, A)-FirmCore, ParGrid stores, for each
k, only the set difference Vi 3 \ Viy1,1. These difference sets are
pairwise disjoint for a fixed A, and their union over all k is V; 3. As

such, the space to store all FirmCores is O(Z;Z?" Vil O

ParGridis more parsimonious than CoreIndex and ParCoreIndex,
which requires O (Amax - |V|) space to store the core index of each



A=1 A=2 A=3
k=11{0,123,45} | {0,1,2,3,4,5} | {0,1,2,3,4,5}
k=21{0,1,273,4,5} {0,1,2,3,4} {}
k=3 {0,1,3,4} {0,1,3,4} {}

(a) Storing the valid vertex set
A=1 A=2 A=3
k=1 O {5} {0,1,2,3,4,5}
k=2] {25} {2} {}
k=3]1{0,1,34} | {0,1,3,4} O

(b) Storing the difference

Table 1: Vertex set storing strategies for graph in Fig. 2.

max

vertex [29]. In contrast, we store all FirmCores in O(Zﬁ:1 Vil
space. Since the size of the (1, 1)-FirmCore typically decreases as

max

Aincreases and |V} 4| < [V, the space consumption ijl

significantly smaller than Amayx - |V| in practice.

[Vl is

5.2

Besides idle threads, we also observe previous methods suffering
from thread underutilization due to unbalanced workload across
threads [29]. For instance, in the example in Figure 1, increasing
the number of threads from 6 to 8 yields imperceptible speedup
on the HW1 dataset. This is because the graph has 10 layers, so
configurations with 6 to 8 threads require two processing rounds.
In these cases, some threads process two lists while others handle
one, leaving part of the threads underutilized and consequently
preventing any performance improvement.

Mitigating thread underutilization

CHALLENGE 2 (THREAD UNDERUTILIZATION). Can we balance the
workload to prevent thread underutilization?

While ParGrid addresses the idle thread issue by parallelizing
the computation within a single FirmCore using multiple threads,
an effective strategy for FirmCores with a large size, we still experi-
ence low thread utilization for small FirmCores. As k or A increases,
the size of the FirmCore decreases, leading to reduced per-thread
workload, rendering a large number of threads (e.g., 32 or 40) inef-
ficient due to limited per-thread workload.

Thread Grouping Strategy. To further increase thread utiliza-
tion in ParGrid, we introduce a thread grouping strategy that ag-
gregates threads to collaboratively process each FirmCore, while
different groups operate in parallel on distinct FirmCores. This
design enables both intra- (i.e., vertex-level) and inter-FirmCore
(i.e., FirmCore-level) parallelism, a version we denote as ParGrid+.
This moderate level of intra-FirmCore parallelism maintains high
thread utilization even when the FirmCores’ size varies. On a ma-
chine with T threads, ParGrid+ partitions them into groups of size
t, enabling % FirmCore to compute in parallel. Here, ¢ is a tunable
parameter that controls how many threads collaborate on comput-
ing each FirmCore using ParGrid as a building block. When t = T,
ParGrid+ behaves like ParGrid, where all threads collaborate on a
single FirmCore. By tuning ¢, ParGrid+ mitigates the thread under-
utilization issues when computing FirmCore with small FirmCores.
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Moreover, assigning fewer threads to each FirmCore does not re-
duce the overall parallelism of ParGrid; instead, it allows more
FirmCores to compute in parallel with higher thread utilization.

5.3 Parallelizing vertex neighbor processing on
the GPU

Our algorithms allow multiple vertices to work in parallel, but each
vertex still has to update its neighbors’ degrees sequentially due to
the limited number of threads available.

CHALLENGE 3 (LIMITED INTRA-VERTEX PARALLELISM). Can we
improve vertex-level parallelism while reducing sequential per-vertex
computation?

Yet, the CPU algorithm already operates near its hardware limits,
as the number of physical threads equals the number of cores. Given
this constraint, we turn our attention to GPUs, which offer massive
numbers of lightweight threads and enable fine-grained parallelism.
However, designing a GPU-based FirmCore decomposition algo-
rithm is non-trivial due to GPU-specific challenges such as memory
coalescing, limited per-thread memory, and thread divergence.

ML graph representation on GPU. GPUs pose unique challenges
for representing ML graphs due to their hierarchical memory ar-
chitecture. Thus, we load the entire ML graph into global memory
using a degree array of size |V| X |L|, where each contiguous space
of size |L| stores the degree information of a vertex across all layers.
Since the degrees of vertices are stored in a continuous manner,
this layout facilitates thread-coalesced access, improving memory
access efficiency during parallel computation. Figure 6 shows the
degree representation of Figure 2 on a GPU. Then, we represent
each layer of the ML graph using the CSR format [28], which stores
the offset array and the corresponding adjacency list efficiently.

ver&ex 0 vertex 1 vertex 2 vertex 3 vertex 4 vertex 5

A Gy
degree:‘133454221133444211‘

Figure 6: ML graph degree representation on GPU.

Frontier design. On the CPU, each thread maintains its own buffer
for storing invalid vertices. Yet, this approach is not feasible on
GPUs because each thread has scarce local memory, and indepen-
dent buffer management becomes highly inefficient under SIMT
execution, where all threads within a warp must execute the same
instruction. However, a shared global frontier incurs significant
thread contention and synchronization overhead due to concurrent
vertex insertions. To overcome this limitation, we organize threads
into blocks, each block maintaining a frontier (buf) shared across
all threads within that block, allowing parallelism among vertices in
different thread blocks. Each block also maintains a corresponding
counter, pos,, which tracks the number of invalid vertices stored in
its buffer. Given the degree constraint k and the layer constraint A,
all threads operate in parallel to check whether their correspond-
ing vertices satisfy the constraints following Algorithm 2; if not,
the thread adds it to its block’s buffer, thereby effectively reducing
thread contention. Specifically, we use the first thread of each block
to initialize the shared variable sh_pos,, which tracks the number of



invalid vertices that do not satisfy the (k, A)-constraint in its buffer.
We allocate sh_pos, in shared memory due to its lower latency
compared to global memory. In the end, the first thread of each
block writes the value of sh_pos, back to global memory pos,.

Hierarchical parallelism. Directly applying vertex-level paral-
lelism on GPUs is inefficient. This is because real-world graphs
often exhibit skewed degree distributions, leading to significant
warp divergence among threads. To address the limitation and fur-
ther increase parallelism, we propose the hierarchical parallelism
strategy that enables fine-grained cooperation among threads for
each vertex, as illustrated in Figure 7. Specifically, vertices in the
frontier are processed in parallel with a group of threads works in
parallel to update the degree of the neighbors of each vertex, en-
abling both inter-vertex and intra-vertex parallelism. As all threads
within a warp follow the same update operations, our strategy al-
leviates intra-warp thread loop divergence and ensures efficient

SIMT execution.
@ toythtz@t&tmtﬁ @
| GPU y,

to| ta_ 3/
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Figure 7: Hierarchical parallelism within a single layer; the
GPU launches a group of threads to process each peeled ver-
tex v1 and vy. For vy, its neighbors u1, uy, and u3 are processed
in parallel by threads ¢, t1, and t,. For vy, its neighbors u3 and
uy are processed in parallel by threads t3 and 4. This enables
parallel processing at both vertex and neighbor levels.
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The work and span of our GPU version are analogous to those
of the CPU versions.
Discussion. Building on FC-Grid, we design three parallel algo-
rithms, ParGrid, ParGrid+, and ParGrid++, providing insights into
parallel design for improved computational resource utilization.
While offline analysis of ML graphs may tolerate longer runtime
when FirmCore decomposition is performed only once, our algo-
rithms improve the efficiency and scalability of FirmCore decom-
position, particularly for billion-scale ML graphs. This makes Firm-
Core analysis more practical and responsive in fast-turnaround
scenarios, such as interactive exploration of FirmCore structures
or repeated decomposition as the ML graph evolves.

6 EXPERIMENTS

We run our CPU algorithms on a 2-socket Intel® Xeon® Silver
4410T processor with 20 cores and 252GB RAM, using OpenMP
and GCC 11.4.0, and the GPU algorithms on an NVIDIA GeForce
RTX 4090 with 24GB memory using CUDA and nvcc 12.2.14.

Datasets. We perform experiments on 10 real-world datasets [10,
16-18, 23, 37, 40, 41, 44, 51, 53] from various domains. We addition-
ally generate two sparse datasets, EM and L], from Email-EuAll and
LiveJournal [41]. We consider the original graph as layer 0 and con-
struct additional layers by sampling edges incrementally: for EM, we
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add edges in 20% increments (layers 1-4), and for L] 30% increments
(layers 1-2). We further generate two dense billion-scale datasets,
Hollywood-1 and Hollywood-2, from the Hollywood-2011 [7, 8]
actor-actor graph, using the original graph as layer 0. Hollywood-1
samples edges in 10% increments (layers 1-9), and Hollywood-2 in
5% increments (layers 1-18). Table 2 presents their characteristics.

Table 2: Datasets; number of nodes |V|, edges |E|, layers |L|;
smallest min;|Ej|, largest layer max;|E;|; domain.

Graph V| |E| |L| min;|E;| max;|E;| Domain
(H) Homo 18k 153k 7 256 33k genetic
(S) Sacchcere 6.5k 247k 7 1.3k 91k genetic
(F) FAO 214 319k 364 1 6.5k financial
(I) Internet 62k 506k 9 20k 147k P2P
(W) Wiki 1.0M 29M 10 347 988k  social
(OI) Obamalnlsrael 2.2M 3.8M 3 557k 1.8M  social
(A) Amazon 410k 8.1M 4 899 2.4M purchase
(DL) DBLP-Large 1.8M  10M 22 107 2.6M author
(FG) FlickrGrowth  23M 23M 6 121k 13M  social
(SO) StackOverflow 2.6M 47.9M 24 172k 29M  social
(EM) Email-EuAll 256k 728k 5 73k 364k communic.
(LJ) LiveJournal 48M 68.5M 3 12.8M 42.8M  social
(HW1) Hollywood-1 2.0M 0.62B 10 229M 114.49M actors
(HW2) Hollywood-2 2.0M 1.2B 19 229M 114.49M actors

Algorithms. We test the following algorithms:

(1) ParMLCD [44]: The state-of-the-art parallel k-core decomposi-
tion algorithm on ML graphs. We use all optimizations with 40
threads and hyperparameter = 0.1,/ = 3.
CoreIndex [29]: Reimplementation of the core index-based
state-of-the-art FirmCore decomposition algorithm in C++ for
fair comparison, achieving 1.1X to 4.83% speedup over the orig-
inal Python version [29].
ParCoreIndex [29]: Reimplementation of the parallel CoreIndex
in C++ with OpenMP achieving at least 2X speedup over the
original Python version [29].
SerGrid: Our serial grid-based algorithm that selects between
DP-Enum and LP-Enum for efficient FirmCore decomposition,
based on the structural properties of the ML graph (Section 4).
ParGrid: Our FC-Grid with vertex-level parallel strategy for
FirmCore decomposition on multi-core CPUs (Section 5.1).
ParGrid+: Our FC-Grid with intra- and inter-FirmCore decom-
position on multi-core CPUs (Section 5.2).
(7) ParGrid++: Our GPU algorithm for FirmCore decomposition
(Section 5.3).

@
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6.1 Runtime
We first study the runtime of all algorithms (y-axis in log scale).

SerGrid, CoreIndex and ParMLCD. We initially compare the run-
time of the CoreIndex with our serial algorithm SerGrid (Figure 8).
Across all datasets, SerGrid achieves speedups of 1.4X to 19.64X,
with an average of 9.1 over CoreIndex. This demonstrates the effi-
ciency of our two-dimensional grid, which computes each FirmCore
from its parent’s valid vertex set, reducing redundant computation.
We then compare SerGrid with ParMLCD, the state-of-the-art algo-
rithm for k-core decomposition on ML graphs. As ParMLCD does
not directly support FirmCore decomposition, it first computes



the k-cores, after which we add each non-empty k-core to the cor-
responding (k, 1)-FirmCore set. On F, SO, FG, HW1, and HW2,
ParMLCD does not terminate within 5 hours. On the remaining
datasets, SerGrid achieves speedups of 1.6X to 248X over ParMLCD.
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Figure 8: Runtime of SerGrid, CoreIndex, and ParMLCD.

DP-Enum and LP-Enum. We then compare our two traversal strate-
gies DP-Enum and LP-Enum in Figure 9. SerGrid chooses between
DP-Enum and LP-Enum according to the ML graph’s property. LP-Enum
is faster than DP-Enum on most datasets, outperforming DP-Enum
on the FG, HW1 and HW2 datasets with 20.1%, 13.5X and 26.5%X
speedup, respectively. Only on F, LP-Enum is approximately 5.7x
slower than DP-Enum.
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Figure 9: Runtime comparison of LP-Enum and DP-Enum.

To further interpret these results, Table 3 reports the values of
kmax, and Amax across these datasets. In F dataset, Apyax is about
6x larger than kmax. Therefore, using the LP-Enum strategy for
FirmCore decomposition would require 336 constructing rounds. In
contrast, the DP-Enum strategy requires only 51 constructing rounds,
with each round having smaller computational space, thereby of-
fering a substantial performance advantage. Figure 10 further cor-
roborates this argument by comparing the total number of edges
removed using LP-Enum and DP-Enum. For most datasets, LP-Enum
incurs a smaller workload, whereas the F dataset benefits more
from DP-Enum. This reasoning also applies to other datasets. We
thus recommend using the DP-Enum algorithm in a sparse ML graph
with a large number of layers, such as the F dataset. Conversely,
dense ML graphs with fewer layers tend to benefit more from the
LP-Enum algorithm, such as the FG, SO, HW1, and HW?2 datasets.
We also test layer ordering by graph density and edge count; results
show minimal impact on efficiency.

Table 3: kjax and Aoy from all datasets.

H S F I WOl A DL FG SO EM L] HW1 HW2

kmax 39 54 51 10 72 38 10 286 506 79 4 30 1297 1297
Amax 5 7 336 9 8 3 4 15 6 22 3 372 10 19
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Figure 10: Removed edges with LP-Enum and DP-Enum.

Parallel Algorithms. We evaluate our parallel algorithms and
show that our parallel strategy enhances efficiency (Figure 11).
We first compare our parallel algorithm with the state-of-the-art
parallel algorithm ParCoreIndex. Our algorithms, ParGrid and
ParGrid+ outperform ParCorelIndex by up to 30.3%, and 33.7X,
with respective average speedups of 7.5%, and 10.8%, under the same
thread counts. This highlights the effectiveness of our algorithm
design through better utilization of the computational resources.
We then juxtapose our parallel algorithms with our serial algorithm
SerGrid. ParGrid achieves speedups ranging from 1.3X to 18.8x
compared to SerGrid. By improving the thread utilization, our
ParGrid+ further enhances efficiency, particularly on large datasets,
achieving more than 2x speedup over both ParGrid on billion-scale
HW1 and HW2 using the same thread counts, and outperforms
SerGrid by more than 35x. Similarly, ParGrid+ significantly ben-
efits datasets with a large number of layers; on the F dataset, it
achieves a speedup of more than 5x compared to ParGrid.

| | | | | | | | | | | |
B ParGrid+ [l ParGrid [Ji] ParCoreIndex B SerGrid
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Figure 11: Runtime comparison of CPU parallel algorithms.

Moreover, compared to the state-of-the-art serial CoreIndex,
ParGrid achieves speedups ranging from 19.4X to 78.8X. Our hy-
brid strategy, ParGrid+, further enhances performance, achieving
speedups between 28.0x and 275.7x, with an average of 63.1x.

Effectiveness of Our GPU-Based Approach. Figure 12 com-
pares ParGrid, ParGrid(GPU), ParGrid++, and ParCoreIndex al-
gorithms. ParGrid(GPU) is a naive GPU adaptation of ParGrid,
which adopts vertex-level parallelism by assigning a GPU thread to
each vertex. Despite the larger degree of parallelism available on
GPUs, ParGrid(GPU) achieves performance comparable to, or even
worse than ParGrid on datasets such as HW1 and HW2, primarily
due to severe thread divergence. In contrast, our GPU-optimized
ParGrid++ effectively mitigates this issue and achieves a speedup
of up to 6.32x over ParGrid(GPU). Furthermore, ParGrid++ runs
up to 26.2x faster than ParGrid with on average of 8.2x. This
demonstrates that our GPU design with a hierarchical parallel strat-
egy effectively increases the parallelism and substantially improves
efficiency. Moreover, ParGrid++ runs in 0.24 seconds on average,



enabling more responsive exploration [48] of the FirmCore struc-
ture. In contrast, the state-of-the-art parallel baseline run in 45
seconds on the million-scale dataset SO. Furthermore, ParGrid++
outperforms the parallel ParCoreIndex baseline by up to 796X,
with an average 100.3X speedup.

[ZZ] ParGrid++ [T] ParGrid(GPU) [Jil] ParGrid [Jll ParCoreIndex
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Figure 12: Effectiveness of GPU algorithm design.

Scalability in #Layers. We study the scalability of FirmCore de-
composition algorithms with the number of layers, reporting only
results for the 4 largest datasets in Fig. 13 due to space limitations.
Our ParGrid++ achieves the highest efficiency across all layer set-
tings, delivering average speedups of 161.6X over CoreIndex and
44.1x speedup over ParCoreIndex. Our serial algorithm SerGrid
consistently outperforms the serial baseline CoreIndex with an
average 4.1X speedup. Our CPU parallel algorithms ParGrid and
ParGrid+ achieve 6.8x and 11.4X speedup on average over the par-
allel baseline ParCoreIndex under the same thread counts. By im-
proving thread utilization, ParGrid+ further improves efficiency on
large-scale datasets such as SO and billion-scale HW1 and HW2, un-
der the same thread count, achieving 2.2X speedups over ParGrid.
Thus, our algorithms scale gracefully in the number of layers.
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Figure 13: Runtime vs. number of layers (log-scale y-axis)

Scalability in number of threads. Figure 14 compares the scala-
bility of our ParGrid and the state-of-the-art ParCoreIndex with
increasing number of threads from 1 to 40 on the largest, million-
scale SO and billion-scale HW1 and HW2. Our ParGrid scales
gracefully in the number of threads, and consistently outperforms

ParCoreIndex under the same thread count. In contrast, ParCoreIndex
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stops improving when the number of threads exceeds the number of
layers in the ML graph, since it can only parallelize over the layers.
This result vindicates our design choices in ParGrid, demonstrating
improved scalability and more effective utilization of computational
resources for higher efficiency.
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Figure 14: Runtime comparison of ParGrid and ParCoreIndex
with increase # thread.

We then study the runtime of ParGrid+ and ParGrid with in-
creasing the thread counts. For ParGrid+, we set t = 8 threads
for each FirmCore computation and vary the number of FirmCore
computations in parallel from 1 to 5. As shown in Figure 15, increas-
ing the number of threads improves the performance of ParGrid,
but the gain diminishes with more threads (e.g., 32 and 40) due
to relatively low thread utilization. In contrast, ParGrid+ assigns
groups of t = 8 threads to each FirmCore computation and en-
ables multiple FirmCores to compute in parallel, thereby increasing
thread utilization. Thus, under the same thread counts, ParGrid+
consistently outperforms ParGrid with around 2x speedup.

~——de— ParGrid+ —@— ParGrid

101

Tims (s)

I I I I
8 16 24 32 40

HW1: # threads

8 16 24 32 40

HW2: # threads

Figure 15: Runtime in number of threads: ParGrid+, ParGrid

Thread Utilization. We compares the thread utilization achieved
by the different parallel algorithms. We define thread utilization as
o ZPr TCoer

i=1 "ir

U= Zr Pr,Trwall >
where a fixed number of threads run in parallel), P, denotes the num-
ber of threads used in region r, Tic;’e' is the effective computation

where r indexes a parallel region (i.e., a region

time of thread i in region r, and T,*@! is the wall-clock execution
time of region r. Thus, U € [0,100%], with 100% indicating full
utilization. We use P, = 20 to exclude hyper-threading effects. As
shown in Figure 16, ParCoreIndex generally shows low utilization
because many threads remain idle. An exception is dataset F, which
consists of 364 layers: in this case, ParCoreIndex achieves high
utilization by assigning each thread to process a different layer inde-
pendently. By contrast, ParGrid improves utilization by exploiting
vertex-level parallelism, which leads to a more balanced distribu-
tion of work across threads. Finally, ParGrid+ further increases



thread utilization beyond ParGrid by combining both intra- and
inter-FirmCore parallelism, enabling more effective concurrency
throughout the computation.

100 [l ParCoreIndex [l ParGrid
80 ParGrid+
60

40
20

Thread Utilization (%)

Figure 16: Thread utilization of the parallel algorithms.

6.2 Memory

SerGrid and CoreIndex. We first compare our serial SerGrid with
CoreIndex. As shown in Figure 17, across all datasets, SerGrid
consumes 2.7X less memory on average. This is mainly because
CoreIndex maintains, for each A, a bucket structure sized by the
graph’s maximum degree and uses set-based structures for ver-
tex lookup and deletion, incuring memory overhead. In contrast,
SerGrid avoids bucket maintenance, achieves a smaller memory
footprint, and delivers an average 9.1X speedup. Although FC-Grid
stores the valid vertex set for each (k, A) pair, increasing memory
use, it enables efficient FirmCore retrieval.
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Figure 17: Relative memory consumption of SerGrid,

ParGrid(v') and ParGrid(x) normalized to the baseline
CoreIndex (red dotted line). Lower is better.

Parallel algorithms. We analyze the memory consumption of
ParGrid, with, ParGrid(v’), and without, ParGrid(x), the memory-
saving strategy. We omit ParGrid+, which differs only in paral-
lelization and uses the same memory as ParGrid. As shown in Fig-
ure 17, ParGrid(X) consumes more memory than SerGrid because
it maintains additional degree information, but remains comparable
to CoreIndex on most datasets. In particular, it maintains a vertex-
sized visit array to track validity for every (k, A)-FirmCore. On FG
and LJ, this array accounts for nearly half of the total memory,
causing higher usage than CoreIndex. To reduce this overhead,
ParGrid(Vv') stores only valid vertices and applies the hierarchical
memory-saving strategy in Section 5.1. Table 4 shows that this
strategy reduces memory consumption by 30.5% on average.

ParGrid++ peak memory consumption. We report the memory
consumption of the input graph and the peak GPU memory usage of

3493

Table 4: Memory consumption (in MB) with and without
memory-saving optimization.

HS F I WO A DL FG SO EM L1J HW1 HW2
ParGrid(x) 13 12 110 51 934 682 197 4379 2612 9094 95 4231 18795 38163
ParGrid(v') 11 12 109 46 702 507 197 3497 1012 7900 82 2714 15086 28211

ParGrid++ in Table 5. We store the input graph of each layer in the
Compressed Sparse Row (CSR) format. We observe that ParGrid++
uses most of its GPU memory to store the input graph. Due to the
limited capacity of GPU global memory, we transfer the result of
each (k, 1)-FirmCore from the device to the CPU, thereby incurring
no additional GPU global memory usage.

Table 5: Peak memory consumption (in MB) of ParGrid++.

H S F I W OI ADLFG SO EM L] HW1 HW2
G 2.252.352.77 14 112 90 84 398 292 780 28 738 4882 9438
ParGrid++ 2.98 2.61 3.09 18 170 148 96 576 376 1050 30 778 4982 9606

7 FIRMCORE APPLICATION STUDIES

7.1 FirmCore Retrieval

A practical use case of the FirmCore decomposition is to retrieve a
particular FirmCore given k and 4; e.g., in community detection, to
retrieve a densely connected subgroup, or in biology, to retrieve a
group of functionally related proteins. To evaluate the efficiency
of our algorithms, we issue queries with different k and A for all
FirmCores on all datasets (Table 2). Figure 18 compares the total run-
time to retrieve all FirmCores by traversing FC-Grid using LP-Enum
with CoreIndex under both online and offline modes. The online
strategy scans the entire vertex set to identify vertices that belong
to the (k, A)-FirmCore. Thus, its query time is linear in the number
of vertices. The offline strategy first sorts the vertices by their core
index for each layer, and then collects vertices that are part of the (k,
A)-FirmCore. Thus, the offline strategy avoids scanning the whole
vertex set, improving efficiency, especially for large datasets. The
sorting step incurs a preprocessing cost of O(|L| - |V] - log(|V])),
but is only performed once. Our FC-Grid outperforms the offline
query strategy by 4 orders of magnitude on average, because the
query time of our FC-Grid is linear in the number of FirmCores. As
shown in Table 6, the number of FirmCores in real-world datasets
is much smaller than that of the vertices.

Table 6: Number of FirmCore

H S F I WOI ADLFG SO EM L] HW1 HW2
#FirmCore 58 101 3434 29 166 62 25 405 690 332 76 590 6664 12913

7.2 Temporal Social Network Analysis

We study how FirmCore can aid real-world temporal social net-
work analysis, by improving the speed and scalability of FirmCore
analysis in ML social networks. Specifically, we apply our efficient
FirmCore decomposition algorithm to the Google+ dataset ! [27],

1Google+ dataset download: https://people.duke.edu/~zg70/gplus.html


https://people.duke.edu/~zg70/gplus.html

FC-Grid []Offline [ Online

Time (s)

F O A DL FG W SO EM L] HW1HW2

Figure 18: Runtime to retrieve all valid FirmCores.

which is an evolving social network with 28.9 million vertices, over
1.19 billion edges, and 4 layers, with each layer corresponding to a
network snapshot at a specific time.

Insight. We first analyze the behavior of FirmCore under different
A values in Figure 19. Specifically, the maximum k decreases from
1572 when A = 1, to 1559, 1035, and 204 for A = 2,3, and 4, respec-
tively. This trend reflects the increasing strictness of the temporal
constraint: as A increases, only vertices that consistently maintain
high connectivity across multiple timestamps are preserved. We
further compute the k-core [1] on the aggregated temporal graph
for comparison. The largest k is 1572 with 3223 vertices, which coin-
cides with the result of FirmCore when A = 1, as expected. However,
when enforcing stronger temporal consistency (e.g., A = 4), Firm-
Core identifies, with k = 204, a smaller subgraph with 2741 vertices.
Despite being smaller, this subgraph captures more meaningful
structures, as it consists of vertices that persist [30] across all times-
tamps rather than being dense only in a single snapshot. This result
demonstrates that FirmCore enables the discovery of more stable
and temporally consistent communities, which cannot be effectively
identified by methods that ignore cross-layer constraints. Previous
studies have shown that incorporating temporal information in
graph analysis can benefit applications such as social network mar-
keting [56]. Therefore, FirmCore has the potential to support such
applications by identifying groups that are not only structurally
cohesive but also persistent over time.

Efficiency. Importantly, this case study highlights the computa-
tional challenges of analyzing billion-scale ML graphs and under-
scores the need for efficient algorithm design. As shown in Fig-
ure 20, the state-of-the-art serial baseline CoreIndex requires more
than 34 minutes, while the parallel baseline ParCoreIndex takes
over 15 minutes. In contrast, ParGrid++ runs in approximately 5
seconds, achieving speedups of 368X over CoreIndex and 156X
over ParCoreIndex. Overall, these results demonstrate that our ap-
proach enables fast and scalable temporal network analysis, making
it practical for large-scale real-world datasets.

7.3 Multilayer Densest Subgraph Extraction

ML core decomposition also enables the extraction of dense sub-
graphs from ML graphs. Dense subgraphs have many applications,
such as community detection [13] and link spam detection [39, 60],
among others. FirmCore decomposition selects the FirmCore max-
imizing the density defined in [24], providing an approximate
solution with a theoretical lower bound approximation ratio of

7]
2| L| p+1
accelerates densest subgraph extraction.

[29]. Here, we show that our parallel FirmCore algorithm

3494

CoreIndex [l ParCorelIndex [l ParGrid [l ParGrid+ B8 ParGrid++

(5]
1,500 3,200;7 @103; B
] E
1,000 30005 E g2
O g F
500 28005 S0tk
(&

A Google+

Figure 20: Runtime of Firm-

Figure 19: Maximum k of Core decomposition on
FirmCore for different A. Google-+.

Figure 21 compares the runtime and density of our FC-Grid
with ParMLCD for identifying the densest subgraph with f = 2.
Here, § controls the trade-off between density and the number
of layers sustaining it [23, 24], without affecting our algorithm’s
performance. FC-Grid is based on the FirmCore model [29], while
ParMLCD is built upon the ML k-Core model [24]. Overall, FirmCore
achieves comparable or higher density than ParMLCD. Although
ParMLCD identifies denser subgraphs on some datasets (e.g., Ol and
A), it suffers from severe efficiency limitations. In particular, it fails
to find the densest subgraph within 5 hours on large datasets such
as FG and SO and on ML graphs with many layers, such as F.

I W OI A DL

’ B FC-Grid [ ParMLCD ‘

S S S N ||
I
H S

102

Density (p)

—

alllll 201

H S I WOI ADL
Figure 21: Runtime (left) and density (right) comparison for
multilayer densest subgraph mining,.

8 CONCLUSION

We propose a novel two-dimensional grid structure for efficient
FirmCore decomposition. Our algorithm leverages the hierarchical
structure of the FirmCore and two traversal strategies to reduce
redundant computations that are easy to select based on simple
properties of real-world ML graphs. Building on the grid struc-
ture, we develop parallel algorithms for multi-core CPUs and GPUs.
Experiments on 14 datasets show that our serial and parallel al-
gorithms outperform the state-of-the-art counterparts by 9x and
100.3% on average, respectively. Moreover, our method improves
memory efficiency by 2.7X on average. Our algorithms scale well
with increasing layer and thread counts, making them suitable
for large real-world ML graphs. Furthermore, FC-Grid accelerates
ML densest subgraph mining by 15X on average and supports ef-
ficient FirmCore retrieval and temporal social network analysis,
demonstrating its usefulness for real-world ML graph problems.
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